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Abstract. We present a nondeterministic model of computation based
on reversing edgedirections in weighted directed graphs with minim um
in-°o w constraints on vertices. Deciding whether this simple graph model
can bemanipulated in order to reversethe direction of a particular edgeis
shown to be PSPACE-complete by a reduction from Quanti¯ed Boolean
Formulas. We prove this result in a variety of special casesincluding
planar graphs and highly restricted vertex con¯gurations, someof which
correspond to a kind of passive constraint logic. Our framework is in-
spired by (and indeed a generalization of) the \Generalized Rush Hour
Logic" developed by Flake and Baum [2].
We illustrate the importance of our model of computation by giving
simple reductions to show that multiple motion-planning problems are
PSPACE-hard. Our main result along these lines is that classic unre-
stricted sliding-blo ck puzzles are PSPACE-hard, even if the pieces are
restricted to be all dominoes(1£ 2 blocks) and the goal is simply to move
a particular piece. No prior complexity results were known about these
puzzles. This result can be seenas a strengthening of the existing result
that the restricted Rush HourTM puzzles are PSPACE-complete [2], of
which we also give a simpler proof. Finally , we strengthen the existing
result that the pushing-blocks puzzle Sokoban is PSPACE-complete [1],
by showing that it is PSPACE-complete even if no barriers are allowed.

1 In tro duction

Fig. 1. Move the
large square to the
bottom center.

Motivating Application: Sliding Blocks. Motion planning
of rigid objects is concernedwith whether a collection of
objects can be moved (translated and rotated), without
intersection among the objects, to reach a goal con¯g-
uration with certain properties. Typically, one object is
distinguished, the remaining objects serving as obstacles,
and the goal is for that object to reach a particular po-
sition. This generalproblem arisesin a variety of applied
contexts such as robotics and graphics. In addition, this
problem arisesin the recreational context of sliding-block puzzles[5], where the
piecesare typically integral rectangles,L shapes,etc., and the goal is simply to
move a particular pieceto a speci¯ed target position. SeeFig. 1 for an example.



The Warehouseman's Problem [4] is a particular formulation of this problem
in which the objects are rectangles of arbitrary side lengths, packed inside a
rectangular box. In 1984,Hopcroft, Schwartz, and Sharir [4] proved that decid-
ing whether the rectangular objects can be moved so that each object is at its
speci¯ed ¯nal position is PSPACE-hard. Their construction critically requires
that somerectangular objects have dimensionsthat are proportional to the box
dimensions.Although not mentioned in [4], the Warehouseman'sProblem cap-
tures a particular form of sliding-block puzzlesin which all piecesare rectangles.
However, two di®erencesbetweenthe two problemsare that sliding-block puzzles
typically require only a particular pieceto reach a position, instead of the entire
con¯guration, and that sliding-block puzzlesinvolve blocks of only constant size.

In this paper, we prove that the Warehouseman'sProblem and sliding-block
puzzles are PSPACE-hard even for 1 £ 2 rectangles (dominoes) packed in a
rectangle. In contrast, there is a simple polynomial-time algorithm for 1 £ 1
rectanglespacked in a rectangle. Thus our results are tight.

Hardness Framework. To prove that sliding blocks and other problems are
PSPACE-hard, this paper builds a general framework for proving PSPACE-
hardnesswhich simply requires the construction of a couple of gadgetsthat can
be connectedtogether in a planar graph. Our framework is inspired by the one
developed by Flake and Baum [2], but is simpler and more powerful. We prove
that several di®erent models of increasing simplicit y are equivalent, permitting
simple constructions of PSPACE-hardness.In particular, we derive simple con-
structions for sliding blocks, Rush Hour [2], and a restricted form of Sokoban [1].

Nondeterministic Constraint Logic Model of Computation. Our framework can
also be viewed as a model of computation in its own right, and that is the focus
of this paper. Weshow that a Nondeterministic Constraint Logic (NCL) machine
has the samecomputational power as a space-bounded Turing machine. Yet, it
hasa more conciseformal description, and hasa natural interpretation asa kind
of logic network. Thus, it is reasonableto view NCL as a simple computational
model that correspondsto the classPSPACE, just as, for example,deterministic
¯nite automata correspond to the regular expressions.

Roadmap. Section 2 describesour model of computation in more detail, formu-
lated in terms of both graphs and circuits. Section 3 proves increasingly simple
formulations of NCL to be PSPACE-complete. Section4 provesvarious motion-
planning problems to be PSPACE-hard using the restricted forms of NCL.

2 Nondeterministic Constrain t Logic

2.1 Graph Form ulation

The simplest description of NCL arisesasreversalof edgesin a directed graph. A
\machine" is speci¯ed by a constraint graph: an undirected graph together with
an assignment of nonnegative integers(weights) to edgesand integers(minimum
in-°ow constraints) to vertices.A con¯guration of this machine is an orientation



(direction) of the edgessuch that the sum of incoming edge weights at each
vertex is at least the minimum in-°ow constraint of that vertex. A move from one
con¯guration to another con¯guration is simply the reversalof a singleedgesuch
that the minimum in-°ow constraints remain satis¯ed. The standard decision
question from a particular NCL machine and con¯guration is whether a speci¯ed
edgecan be eventually reversed by a sequenceof moves. We can view such a
sequenceas a nondeterministic computation.

Equivalent Forms. A constraint graph G2 is an equivalent form of constraint
graph G1 if every con¯guration of G1 can be reached if and only if a correspond-
ing con¯guration of G2 can be reached, and the con¯guration map preserves
identit y of non-loop edges:that is, every non-loop edgein G1 may be assigned
an edgein G2 such that reversingonealways corresponds to reversing the other.
Note that any loop edgecan trivially be reversed;see,e.g., Fig. 2.

Normal Form. We say that a constraint graph is in normal form if all edge
weights are 1 or 2, all minimum in-°ow constraints are 2, and all vertices have
degree3. This is the form of NCL that we shall be primarily concernedwith.
In all graph diagrams, we adopt the convention that red (light gray) edgeshave
weight 1, blue (dark gray) edgeshave weight 2, and unlabeled vertices have a
minimum in-°ow constraint of 2.
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Fig. 2. Normalizing red-
to-blue conversion.

Fig. 2 shows one translation to normal form that
we will usefrequently . In fact, every constraint graph
has an equivalent normal form which can be com-
puted in polynomial time. We omit the proof in this
abstract; it is not neededfor our main results.

2.2 Circuit Form ulation

In this Section and the following we show that a normal-form constraint graph
may be viewed as a kind of circuit madeup of various kinds of logic gateswired
together. The circuit model is useful for visualizing how somegraphs work, and
is also useful for reductions to various other problems.

Gates. A gate is an object with a set of ports (each of which is either an input
or an output), possibly an internal state, and a set of constraints relating the
port states and the internal state. A port may be either active or inactive.

Circuits. A circuit is a collection of gates togther with a one-to-one pairing
of all of their ports. The pairs are called wires. We do not require that wires
connect inputs to outputs; in fact, much of the special character of NCL circuits
results from constraints inducedby wiring inputs to inputs or outputs to outputs.
Actually , the input/output labeling is not necessary, and merely servesto place
the gates in a familiar digital logic context.

We require consistencyof ports connectedby wires, asfollows: (1) an inactive
output may not be connectedto an active input, (2) two active inputs may not



be connected,and (3) two inactive outputs may not be connected.That is, the
input/output distinction has the e®ectof reversing the notions of active and
inactive; indeed, this is the only e®ectof the input/output labeling.

Wegivecircuits a \kinematics" by allowing any sequenceof individual changes
to port or internal gate states consistent with the constraints. We do not, how-
ever, give circuits a \dynamics"; a circuit's state evolution is nondeterministic.
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(c) Split

A B
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Fig. 3. Gates. Inputs are at bottom; outputs are at top.

AND and OR Gates. An And gate (Fig. 3(a)) is a gate with two inputs and one
output, and the constraint that the output may be active only if the inputs are
both active. Similarly, an Or gate (Fig. 3(b)) has the constraint that its output
may be active only if at least one input is active.

SPLIT Gate. A Split (Fig. 3(c)) is a gate with one input and two outputs, and
the constraint that the outputs may be active only if the input is active. Because
Split is not a symmetric gate, we are careful to distinguish the input side by
drawing the outputs at a 45± angle. In fact, Split is equivalent to And with
the inputs and outputs reversed.That is, if we replacean And in a circuit by a
Split , using the Split outputs in place of the And inputs and vice-versa, then
the Split imposesthe sameconstraints on the surrounding circuit behavior as
the And gate did. However, we will often use Split s in circuit diagrams, to
indicate the normal direction of information °ow.

LATCH Gate. A Latch (Fig. 3(d)) is a gate with one input, two outputs, and
oneBooleaninternal state variable. The internal state can changeonly while the
input is active. One output (A) may be active only if the input is active or the
internal state is false; and the other output (B) may be active only if the input
is active or the internal state is true. As it turns out, a Latch is often easierto
construct than an Or gate as a gadget used in a reduction from NCL, and we
will show that it is just as useful.

WEAK OR Gate. A Weak Or gate (Fig. 3(e)) is identical to an Or gate,except
that we require that any circuit containing a Weak Or must make it impossible
for both inputs to be active at once.Like Latch , we will show that Weak Or
is just as useful as Or ; it is often easierto construct for reductions, becausea
Weak Or gadget built out of something else(such as sliding blocks) neednot
function correctly in all the casesan Or must.

1 Gate. A 1 gate (Fig. 3(f )) has a single output, which is unconstrained (and
thus may serve to supply an active input to another gate). This is merely a
shorthand for an Or with the inputs wired together.



INVERTER Gate. Although it is not neededfor our construction, we point out
for comparison that it is impossibleto make an inverter, that is, a gate whose
output is active exactly when its input is inactive. The idea of an inverter does
not map onto the passive nature of NCL: ports are permitted, but not required,
to changestate when their constraints are satis¯ed.

The approach in [2] requiresinverters in a similar computational context, and
Flake and Baum show how to construct inverters by using a kind of dual-rail
logic. However, our reductions have no need of inverters, so we may omit this
step, and view individual wires as representing our logic values.

2.3 Univ ersal Gate Sets

Here we show that circuits made with And and Or gates are equivalent to
normal-form constraint graphs: graphs and And / Or circuits are merely two
di®erent languagesfor describing the samecomputational processes.We de¯ne
equivalenceas for constraint graphs, substituting \p ort" for \edge" where ap-
propriate.

(a) red-red-red (b) red-red-blue (c) red-blue-blue (d) blue-blue-blue

Fig. 4. Converting normal-form vertices into And / Or subcircuits.

Lemma 1. Normal-form constraint graphs and And and Or circuits are
polynomial-time equivalent.

Proof sketch. Apply the conversionsin Fig. 4. ¤

W

(a) Latch built from
And and Weak Or

1 2 A

B

(b) Or built from
Split and Latch

Fig. 5. Gate emulations. Inputs are on
the left; outputs are on the right.

Lemma 1 shows that And and Or
are universalgates.As we will show in
Section 3.1, this means that we may
show a problem to be PSPACE-hard
by showing how to construct an And
and Or circuit as an instance of the
problem. In comparison,our And and
Or gates have essentially the same
properties as the \b oth" and \either"
gatesin [2], but their GeneralizedRush Hour Logic requiresadditional machin-
ery to build Boolean \and" and \or" operations becauseof their useof dual-rail
logic. Furthermore, here we show that two other sets of gates, which are often
easierto construct, work just aswell. In Section4, we show three di®erent prob-
lemsPSPACE-hard; in each one,a di®erent set of gatesprovesmost convenient.

Lemma 2. Latch may be emulated with And and Weak Or ; Weak Or may
be emulated with Or ; Or may be emulated with Split and Latch .



Proof sketch. Fig. 5 shows the Latch and the Or constructions; Or may sub-
stitute directly for Weak Or . ¤

We summarize theseresults with the following theorem, recalling that And
is equivalent to Split :

Theorem 1. The following are polynomial-time equivalent: normal-form con-
straint graphs, And / Or circuits, And / Latch circuits, and And / Weak Or
circuits.

Proof. Lemmas1 and 2. ¤

Corollary 1. The following are polynomial-time equivalent: planar normal-form
constraint graphs, planar And / Or circuits, planar And / Latch circuits, and
planar And / Weak Or circuits.

Proof. All of the relevant reductions useplanar subcircuits and subgraphs. ¤

3 PSPA CE-completeness

In this section,we show that NCL is PSPACE-complete,and provide reductions
showing that somesimpli¯ed forms of NCL are also PSPACE-complete.

3.1 Nondeterministic Constrain t Logic

We show that NCL is PSPACE-hard by giving a reduction from Quanti¯ed
Boolean Formulas (QBF), which is known to be PSPACE-complete [3], even
when the formula is in conjunctive normal form. A simple argument then shows
that NCL is in PSPACE, and therefore PSPACE-complete.
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Fig. 6. Schematic of the reduction from Quanti¯ed Boolean Formulas to NCL.

Reduction. First we will give an overview of the reduction and the gadgetswe
will need; then we will analyze the gadgets' properties. We usethe circuit form
of NCL. The reduction is illustrated schematically in Fig. 6. We translate a given
quanti¯ed Boolean formula Á into an instance of NCL, so that a particular gate
in the resulting circuit may be activated if and only if Á is true.

One way to determine the truth of a quanti¯ed Booleanformula is asfollows:
Considerthe initial quanti¯er in the formula. Assign its variable ¯rst to falseand
then to true, and for each assignment, recursively ask whether the remaining
formula is true under that assignment. For an existential quanti¯er, return true
if either assignment succeeds;for a universal quantifer, return true only if both



assignments succeed.For the basecase,all variables are assigned,and we only
needto test whether the CNF formula is true under the current assignment.

This is essentially the strategy our reduction shall employ. We de¯ne variable
gadgetsand quanti¯er gadgets(Fig. 7). The quanti¯er gadgets are connected
together into a string, one per quanti¯er in the formula. Each quanti¯er gadget
is connectedto its own variable gadget.The variable gadgetsfeedinto the CNF
network, which corresponds to the unquanti¯ed formula. The output from the
CNF network connects to the rightmost quanti¯er gadget; the output of our
overall circuit is the satisi¯ed out port from the leftmost quanti¯er gadget. (We
usethe attached Latch to show a related result.)

When a quanti¯er gadget is activated, all quanti¯er gadgetsto its left have
¯xed particular variable assignments, and only this quanti¯er gadget and those
to the right are freeto changetheir variable assignments. The activated quanti¯er
gadgetcan declareitself \satis¯ed" if and only if the Boolean formula read from
here to the right is true given the variable assignments on the left.
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Fig. 7. QBF reduction gadgets.

Variable Gadget. A variable gadget (shown in Fig. 7(a)) is simply a Latch ,
with the input port used to lock or releasethe variable state, and the output
ports usedto indicate that the variable is either true or false.The Latch input
port servesasthe variable lockedout port. This input/output switch reversesthe
senseof activation: for lockedout to activate, the Latch input must be inactive,
locking it.

Quanti¯er Gadgets. A quanti¯er gadget is activated by activating its try in port.
Its try out port is enabled to activate only if try in is active, and its variable
gadget is locked. Thus, a quanti¯er gadget may nondeterministically \choose"
a variable assignment, and recursively \try" the rest of the formula under that
assignment and thosethat are locked by quanti¯ers to its left. For satis¯edout to
activate, indicating that the formula from this quanti¯er on is currently satis¯ed,
we require (at least) that satis¯ed in is active.

We needboth existential and universal quanti¯er gadgets,described below.

CNF Formula. In order to evaulate the formula for a particular variable assign-
ment, we construct an And and Or network corresponding to the unquanti¯ed
part of the formula, fed inputs from the variable gadgets,and feeding into the
satis¯ed in port of the rightmost quanti¯er gadget, as in Fig. 6. The satis¯ed in



port of the rightmost quanti¯er gadget is further protected by an And gate, so
it may activate only if try out is active and the formula is currently satis¯ed.

Lemma 3. A quanti¯er gadget'ssatis¯ed in port may not activate unlessits try
out port is active.

Proof sketch. Induct from right to left, using properties of quanti¯er gadgets.¤

Existential Quanti¯er. For an existential quanti¯er gadget(Fig. 7(b)) we usethe
basic circuitry required to meet the de¯nition of a quanti¯er gadget; we leave
the variable ports unconstrained by connecting them to 1 gates. If the formula
is true under some assignment of an existentially quanti¯ed variable, then its
quanti¯er gadget may lock the variable gadget in the corresponding state, and
recursively receive the satis¯ed in signal, releasingits satis¯ed out port. Here we
exploit the nondeterminism in the model to choosebetweentrue and false.

Lemma 4. An existential quanti¯er gadgetmay activate its satis¯ed out port if
and only if its satis¯ed in port is active with its variable locked in somestate.

Proof. By Lemma 3 and the de¯nition of the existential quantifer gadget. ¤

Universal Quanti¯er. A universal quantifer gadget (Fig. 7(c)) may only enable
satis¯ed out if the formula is true under both variable assignments. We use a
Latch as a memory bit to record that one assignmnent has been successfully
tried, and then enable satis¯ed out only if the bit so indicates, and the other
assignment is currently satis¯ed. To ensurethat the bit resetsappropriately, the
other Latch state is constrained to be active when try in is inactive.

Lemma 5. A universal quanti¯er gadgetmay activate its satis¯ed out port if
and only if its satis¯ed in port is at one time active with its variable locked in
the false (x) state, and at a later time is again active with its variable locked in
the true (x) state, with try in remaining active throughout.

Proof sketch. The constraints on the gatesessentially force this route. ¤

We summarizethe behavior of both typesof quanti¯ers with the following:

Lemma 6. A quanti¯er gadgetmay activate its satis¯ed out port if and only if
its try in port is active, and the formula read from the corresponding quanti¯er
to the right is true given the variable assignmentsthat are ¯xed by the quanti¯er
gadgetsto the left.

Proof sketch. By induction from right to left using Lemmas4 and 5. ¤

Theorem 2. NCL is PSPACE-complete.

Proof. Lemma 6 establishesPSPACE-hardness.A simple nondeterministic al-
gorithm traversesthe state space,maintaining only the current state, so NCL is
in NPSPACE, and Savitch's Theorem [6] says that NPSPACE = PSPACE. ¤



Corollary 2. Deciding whether a speci¯ed con¯guration of an NCL graph is
reachableis PSPACE-complete.

Proof sketch. The con¯guration which is identical to the initial con¯guration,
but with the attached Latch state switched, is reachable just when Á is true. ¤

3.2 Planar Nondeterministic Constrain t Logic

A

C

B

D

Fig. 8. Planar crossover.

The result obtained in the previous sectionusedpar-
ticular constraint graphs (represented as circuits),
which turn out to be nonplanar. Thus, reductions
from NCL to other problems must provide a way to
encode arbitrary graph connections into their par-
ticular structure. For 2D motion-planning kinds of
problems, such a reduction would typically require
somekind of crossover gadget.Crossover gadgetsare
a common requirement in complexity results for these kinds of problems, and
can be among the most di±cult gadgetsto design. For example, the crossover
gadgetusedin the proof that Sokoban is PSPACE-complete[1] is quite intricate.
A crossover gadget is also among those usedin the Rush Hour proof [2].

In this section we show that any normal-form NCL graph can be translated
into an equivalent normal-form planar NCL (PNCL) graph, obviating the need
for crossover gadgets in reductions from NCL. Fig. 8 illustrates the reduction.
All vertices have minimum in-°ow constraints of 2, so the blue-red-red vertices
needeither the blue edgeor both red edgesto be directed inward. The degree-4
vertices needtwo edgesto be directed inward.

Lemma 7. In a crossovergadget,each of the edgesA and B may face outward
if and only if the other faces inward, and each of the edgesC and D may face
outward if and only if the other faces inward.

Proof sketch. The constraints on the vertices force this behavior. ¤

1
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A

B

C D

Fig. 9. Half-crossover.

The crossover subgraph is not in normal form, and
Corollary 1 only applies to graphs in normal form. To
solve this problem, we replace each degree-4vertex in
Fig. 8 with the equivalent subgraph in Fig. 9.

Lemma 8. In a half-crossovergadget,at least two of
the edgesA, B, C, and D must face inward; any two
may face outward.

Proof sketch. A similar but simpler constraint analysis
as in Lemma 7. ¤

Theorem 3. Every normal-form constraint graphhasan equivalentplanar normal-
form constraint graph which can be computed in polynomial time.

Proof. Lemmas7 and 8. ¤



3.3 Nondeterministic Constrain t Logic on a Polyhedron

Nondeterministic Constraint Logic has a particularly simple geometric form.
Any NCL graph can be translated into an equivalent simple planar 3-connected
graph, which is isomorphic to the edgesof a convex polyhedron in 3D. Therefore,
any NCL problem can be thought of asan edgeredirection problem on a convex
polyhedron. We omit the construction and the proof in this abstract.

4 Applications

In this section,we apply our results from the previous section to various puzzles
and motion-planning problems. One result (sliding blocks) is completely new,
and provides a tight bound; one(Rush Hour) reproducesan existing result, with
a simpler construction; the last (Sokoban) strengthensan existing result.

4.1 Sliding Blo cks

We de¯ne the Sliding Blocks problem as follows: given a con¯guration of rectan-
gles(blocks) of constant sizesin a rectangular 2-dimensionalbox, can the blocks
be translated and rotated, without intersection amongthe objects, soasto move
a particular block? We give a reduction from PNCL showing that Sliding Blocks
is PSPACE-hard even when all the blocks are 1 £ 2 rectangles(dominoes). In
contrast, there is a simple polynomial-time algorithm for 1£ 1 blocks; thus, our
results are tight. The Warehouseman's Problem[4] is a related problem in which
there are no restrictions on block size, and the goal is to achieve a particular
total con¯guration. Its PSPACE-hardnessalso follows from our result.

Fig. 10 shows a schematic of our reduction and the two required gate gadgets.
A and B are (inactiv e) inputs; C is the (inactiv e) output. Activ ation proceedsby
moving \holes" forward: A activates by moving out, C by moving in.

. . .

. .
 .

(a) Layout

C

A

B

(b) And

A

B

C

(c) Weak Or

Fig. 10. Sliding Blocks layout and gates.

To build arbitrary planar circuits, we alsoneed\straigh t" and \turn" blocks.
These may be formed from (5 £ 5)-gate combinations of And gates. The con-
struction is omitted in this abstract.



4.2 Rush Hour
In the puzzle Rush Hour, one is given a sliding-block con¯guration with the
additional constraint that each block is constrained to move only horizontally
or vertically on a grid. The goal is to move a particular block to a particular
location at the edgeof the grid. In the commercialversionof the puzzle, the grid
is 6 £ 6, the blocks are all 1 £ 2 or 1 £ 3 (\cars" and \truc ks"), and each block
constraint direction is the sameas its lengthwise orientation.

Flakeand Baum [2] showedthat the generalizedproblem is PSPACE-complete,
by showing how to build a kind of reversible computer from Rush Hour gadgets
that work like our And and Or gates,as well as a crossover gadget. Tromp [7]
strengthenedtheir result by showing that Rush Hour is PSPACE-complete even
if the blocks are all 1 £ 2.

Here we give a simpler construction showing that Rush Hour is PSPACE-
complete, again using the traditional 1 £ 2 and 1 £ 3 blocks which must slide
lengthwise. We only needan And and a Latch , as shown in Fig. 11.

. .
 .

. . .
T

(a) Layout

A

B

C

(b) And

A B

C

(c) Latch

Fig. 11. Rush Hour layout and gadgets.

4.3 Sokoban
In the puzzle Sokoban, one is given a con¯guration of 1 £ 1 blocks, and a set
of target positions. One of the blocks is distinguished as the pusher. A move
consists of moving the pusher a single unit either vertically or horizontally; if
a block occupies the pusher's destination, then that block is pushed into the
adjoining space,providing it is empty. Otherwise, the move is prohibited. Some
blocks are barriers , which may not be pushed. The goal is to make a sequence
of movessuch that there is a (non-pusher) block in each target position.

Culberson[1] proved Sokoban is PSPACE-complete, by showing how to con-
struct a Sokoban position corresponding to a space-bounded Turing machine.
Using PNCL, we give an alternate construction. Our result applies even if there
are no barriers allowed, thus strengthening Culberson'sresult.

Figs. 12(a) and 12(b) illustrate the And and Or gates.In each, block C may
be reversibly pushed left only when A and/or B have been pushed left/up, as
appropriate. Fig. 12(c) shows gadgetsfor basic wiring (A can move right only if
D has), parit y switching (D to E), wire °ipping and pusher pass-through (H to
J), and turning corners(F to G). Thesegadgetspermit arbitary planar circuits.

The target position corresponds to a desired PNCL con¯guration; this en-
suresthat movesthat violate the above conditions do not permit solution.
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Fig. 12. Sokoban gadgets.

5 Conclusion
We proved that oneof the simplest possibleforms of motion planning, involving
sliding 1 £ 2 blocks (dominoes) around in a rectangle, is PSPACE-hard. This
result is a major strengthening of previous results. The problem hasno arti¯cial
constraints, such as the movement restrictions of Rush Hour; it has object size
constraints which are tightly bounded, unlike the unbounded object sizesin the
Warehouseman'sProblem. Also comparedto the Warehouseman'sProblem, the
task is simply to move a block at all, rather than to reach a total con¯guration.

Along the way, we presented a model of computation of interest in its own
right, and which can be used to prove several motion-planning problems to be
PSPACE-hard. Our hope is to apply this approach to several other motion-
planning problems whosecomplexity remains open, for example:

1. 1 £ 1 Rush Hour. While 1 £ 1 sliding blocks can be solved in polynomial
time, if we enforcehorizontal or vertical motion constraints asin Rush Hour,
doesthe problem becomePSPACE-complete?Deciding whether a block may
move at all is in P, but how hard is moving a given block to a given position?

2. Lunar Lo ckout. In this puzzle, robots are placedon a grid, and each move
slides a robot in one direction until it hits another robot; robots are not
allowed to °y o® to in¯nit y. The goal is to bring a particular robot to a
speci¯ed position. Is this problem PSPACE-complete?
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