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Motion in a Non-Inertial Frame

1 Time Derivatives in Fixed and Rotating Frames

Let us consider the time derivative of an arbitrary vector A in two reference frames. The
¯rst reference frame is called the ¯xed frame and is expressed in terms of the Cartesian
coordinates r0 = (x0; y0; z0). The second reference frame is called the rotating frame and
is expressed in terms of the Cartesian coordinates r = (x; y; z). In the Figure below, the
rotating frame shares the same origin as the ¯xed frame and the rotation angular velocity
! of the rotating frame (with respect to the ¯xed frame) has components (!x; !y; !z).

Since observations are often made in a rotating frame of reference, we decompose the
vector A in terms of components Ai in the rotating frame (with unit vectors bxi). Thus,
A = Ai bxi (using the summation rule) and the time derivative of A as observed in the ¯xed
frame is

dA

dt
=
dAi
dt

bxi + Ai
dbxi
dt
: (1)

The interpretation of the ¯rst term is that of the time derivative of A as observed in the
rotating frame (where the unit vectors bxi are constant) while the second term involves the
time-dependence of the relation between the ¯xed and rotating frames. We now express
dbxi=dt as a vector in the rotating frame as

dbxi
dt

= Rij bxj = ²ijk !k bxj; (2)
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where R represents the rotation matrix associated with the rotating frame of reference;
this rotation matrix is anti-symmetric (Rij = ¡Rji) and can be written in terms of the
anti-symmetric tensor ²ijk (de¯ned in terms of the vector productA£B = AiBj ²ijk bxk for
two arbitrary vectors A and B) as Rij = ²ijk!k, where !k denotes the components of the
angular velocity ! in the rotating frame. Hence, the second term in Eq. (1) becomes

Ai
dbxi
dt

= Ai ²
ijk !k bxj = !£A: (3)

The time derivative of an arbitrary rotating-frame vector A in a ¯xed frame is, therefore,
expressed as Ã

dA

dt

!
f

=

Ã
dA

dt

!
r

+ !£A; (4)

where (d=dt)f denotes the time derivative as observed in the ¯xed (f) frame while (d=dt)r
denotes the time derivative as observed in the rotating (r) frame. An important application
of this formula relates to the time derivative of the rotation angular velocity ! itself. One
can easily see that Ã

d!

dt

!
f

= _! =

Ã
d!

dt

!
r

;

since the second term in Eq. (4) vanishes for A = !; the time derivative of ! is, therefore,
the same in both frames of reference and is denoted _! in what follows.

2 Accelerations in Rotating Frames

We now consider the general case of a rotating frame and ¯xed frame being related by
translation and rotation.
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In the Figure above, the position of a point P according to the ¯xed frame of reference is
labeled r0, while the position of the same point according to the rotating frame of reference
is labeled r, and

r0 = R + r; (5)

where R denotes the position of the origin of the rotating frame according to the ¯xed
frame. Since the velocity of the point P involves the rate of change of position, we must
now be careful in de¯ning which time-derivative operator, (d=dt)f or (d=dt)r, is used.

The velocities of point P as observed in the ¯xed and rotating frames are de¯ned as

vf =

Ã
dr0

dt

!
f

and vr =

Ã
dr

dt

!
r

; (6)

respectively. Using Eq. (4), the relation between the ¯xed-frame and rotating-frame veloc-
ities is expressed as

vf =

Ã
dR

dt

!
f

+

Ã
dr

dt

!
f

= V + vr + !£ r; (7)

where V = (dR=dt)f denotes the translation velocity of the rotating-frame origin (as
observed in the ¯xed frame).

Using Eq. (7), we are now in a position to evaluate expressions for the acceleration of
point P as observed in the ¯xed and rotating frames of reference

af =

Ã
dvf
dt

!
f

and ar =

Ã
dvr
dt

!
r

; (8)

respectively. Hence, using Eq. (7), we ¯nd

af =

Ã
dV

dt

!
f

+

Ã
dvr
dt

!
f

+

Ã
d!

dt

!
f

£ r + !£
Ã
dr

dt

!
f

= A + (ar + !£vr) + _!£ r + !£ (vr + !£ r) ;

or
af = A + ar + 2!£vr + _!£ r + !£ (!£ r) ; (9)

where A = (dV=dt)f denotes the translational acceleration of the rotating-frame origin
(as observed in the ¯xed frame of reference). We can now write an expression for the
acceleration of point P as observed in the rotating frame as

ar = af ¡ A ¡ !£ (!£ r) ¡ 2!£vr ¡ _!£ r; (10)

which represents the sum of the net inertial acceleration (af ¡A), the centrifugal acceler-
ation ¡!£ (!£ r) (see Figure below)
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the Coriolis acceleration ¡ 2!£vr (see Figure below)

and an angular acceleration term ¡ _!£ r which depends explicitly on the time dependence
of the rotation angular velocity !.

The centrifugal acceleration (which is directed outwardly from the rotation axis) rep-
resents a familiar non-inertial e®ect in physics. A less familiar non-inertial e®ect is the
Coriolis acceleration. The Figure above shows that an object falling inwardly also experi-
ences an eastward acceleration.

3 Lagrangian Formulation of Non-Inertial Motion

The Lagrangian for a particle of mass m moving in a non-inertial rotating frame (with
its origin coinciding with the ¯xed-frame origin) in the presence of the potential U (r) is
expressed as

L(r; _r) =
m

2
j _r + !£ rj2 ¡ U(r); (11)

where ! is the angular velocity vector and we use the formula

j _r + !£ rj2 = j _rj2 + 2 ! ¢ (r£ _r) +
h
!2 r2 ¡ (! ¢ r)2

i
:
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Using the Lagrangian (11), we now derive the general Euler-Lagrange equation for r. First,
we derive an expression for the canonical momentum

p =
@L

@ _r
= m (_r + !£ r) ; (12)

and
d

dt

Ã
@L

@ _r

!
= m (Är + _!£ r + !£ _r) :

Next, we derive the partial derivative

@L

@r
= ¡rU(r) ¡ m [ !£ _r + !£ (!£ r) ] ;

so that the Euler-Lagrange equations are

m Är = ¡ rU (r) ¡ m [ _!£ r + 2 !£ _r + !£ (!£ r) ] : (13)

Here, the potential energy term generates the ¯xed-frame acceleration, ¡rU =maf , and
thus the Euler-Lagrange equation (13) yields Eq. (10).

4 Motion Relative to Earth

We can now apply these expressions to the important case of the ¯xed frame of reference
having its origin at the center of Earth (point O0 in the Figure below) and the rotating
frame of reference having its origin at latitude ¸ and longitude Ã (point O in the Figure
below). We note that the rotation of the Earth is now represented as _Ã = ! and that
_! = 0.
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We arrange the (x; y; z) axis of the rotating frame so that the z-axis is a continuation
of the position vector R of the rotating-frame origin, i.e., R = Rbz in the rotating frame
(where R = 6378 km is the Earth's radius assuming a spherical Earth). When expressed
in terms of the ¯xed-frame latitude angle ¸ and the azimuthal angle Ã, the unit vector bz is

bz = cos ¸ (cosÃ bx0 + sin Ã by0) + sin¸ bz0:
Likewise, we choose the x-axis to be tangent to a great circle passing through the North
and South poles, so that

bx = sin¸ (cosÃ bx0 + sin Ã by0) ¡ cos ¸ bz0:
Lastly, the y-axis is chosen such that

by = bz£ bx = ¡ sin Ã bx0 + cosÃ by0:
We now consider the acceleration of a point P as observed in the rotating frame O by
writing Eq. (10) as

d2r

dt2
= g0 ¡ ÄRf ¡ !£ (!£ r) ¡ 2!£ dr

dt
: (14)

The ¯rst term represents the pure gravitational acceleration due to the graviational pull of
the Earth on point P (as observed in the ¯xed frame located at Earth's center)

g0 = ¡ GMjr0j3 r
0;

where r0 = R + r is the position of point P in the ¯xed frame and r is the location of
P in the rotating frame. When expressed in terms of rotating-frame spherical coordinates
(r; µ; '):

r = r [ sin µ (cos' bx + sin ' by) + cosµ bz ] ;
the vector r0 is written as

r0 = (R+ r cos µ) bz + r sin µ (cos' bx + sin' by) ;
and thus

jr0j3 =
³
R2 + 2 Rr cos µ + r2

´3=2
:

The pure gravitational acceleration is, therefore, expressed in the rotating frame of the
Earth as

g0 = ¡ g0
"
(1 + ² cos µ) bz + ² sin µ (cos' bx + sin' by)

(1 + 2 ² cos µ + ²2)3=2

#
; (15)

where g0 = GM=R
2 = 9:789 m/s2 and ² = r=R ¿ 1.
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The angular velocity in the ¯xed frame is ! = ! bz0, where
! =

2¼ rad

24 £ 3600 sec
= 7:27 £ 10¡5 rad=s

is the rotation speed of Earth about its axis. In the rotating frame, we ¯nd

! = ! (sin¸ bz ¡ cos ¸ bx) : (16)

Because the position vector R rotates with the origin of the rotating frame, its time deriv-
atives yield

_Rf = !£R = (! R cos ¸) by;
ÄRf = !£ _Rf = !£ (!£R) = ¡ !2R cos ¸ (cos ¸ bz + sin ¸ bx) ;

and thus the centrifugal acceleration due to R is

ÄRf = ¡ !£ (!£R) = ® g0 cos ¸ (cos¸ bz + sin ¸ bx) ; (17)

where !2R = 0:0337 m/s2 can be expressed in terms of the pure gravitational acceleration
g0 as !2R = ® g0, where ® = 3:4 £ 10¡3. We now de¯ne the physical gravitational
acceleration as

g = g0 ¡ !£ [ !£ (R+ r) ]
= g0

h
¡
³
1 ¡ ® cos2 ¸

´bz + (® cos ¸ sin¸) bx i ; (18)

where terms of order ² have been neglected. A plumb line experiences a small angular
deviation ±(¸) from the true vertical given as

tan ±(¸) =
gx
jgz j

=
® sin 2¸

(2 ¡ ®) + ® cos 2¸:

This function exhibits a maximum at a latitude ¸ de¯ned as cos 2¸ = ¡®=(2¡®), so that

tan ± =
® sin 2¸

(2¡ ®) +® cos 2¸
=

®

2
p
1¡ ®

' 1:7£ 10¡3;

or

± ' 5:86 arcmin at ¸ '
µ
¼

4
+
®

4

¶
rad = 45:05o:

We now return to Eq. (14), which is written to lowest order in ² and ® as

d2r

dt2
= ¡ g bz ¡ 2!£ dr

dt
; (19)

where

!£ dr

dt
= ! [ ( _x sin¸ + _z cos ¸) by ¡ _y (sin¸ bx + cos ¸ bz) ] :
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Thus, we ¯nd the three components of Eq. (19) written explicitly as

Äx = 2 ! sin¸ _y
Äy = ¡ 2! (sin¸ _x + cos¸ _z)
Äz = ¡ g + 2 ! cos ¸ _y

9>=>; : (20)

A ¯rst integration of Eq. (20) yields

_x = 2 ! sin¸ y + Cx
_y = ¡ 2 ! (sin¸ x + cos¸ z) + Cy
_z = ¡ g t + 2 ! cos ¸ y + Cz

9>=>; ; (21)

where (Cx; Cy; Cz) are constants de¯ned from initial conditions (x0; y0; z0) and ( _x0; _y0; _z0):

Cx = _x0 ¡ 2! sin ¸ y0
Cy = _y0 + 2 ! (sin ¸ x0 + cos ¸ z0)
Cz = _z0 ¡ 2 ! cos ¸ y0

9>=>; : (22)

A second integration of Eq. (21) yields

x(t) = x0 + Cx t + 2! sin¸
Z t

0
y dt;

y(t) = y0 + Cy t ¡ 2 ! sin¸
Z t

0
x dt ¡ 2! cos ¸

Z t

0
z dt;

z(t) = z0 + Cz t ¡
1

2
g t2 + 2! cos¸

Z t

0
y dt;

which can also be rewritten as

x(t) = x0 + Cx t + ±x(t)
y(t) = y0 + Cy t + ±y(t)
z(t) = z0 + Cz t ¡ 1

2 g t
2 + ±z(t)

9>=>; ; (23)

where the Coriolis drifts are

±x(t) = 2! sin¸
µ
y0 t +

1

2
Cy t

2 +
Z t

0
±y dt

¶
(24)

±y(t) = ¡ 2 ! sin¸
µ
x0 t +

1

2
Cx t

2 +
Z t

0
±x dt

¶
¡ 2! cos ¸

µ
z0 t +

1

2
Cz t

2 ¡ 1

6
g t3 +

Z t

0
±z dt

¶
(25)

±z(t) = 2! cos ¸
µ
y0 t +

1

2
Cy t

2 +
Z t

0
±y dt

¶
: (26)

Note that each Coriolis drift can be expressed as an in¯nite series in powers of ! and that
all Coriolis e®ects vanish when ! = 0.
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4.1 Free-Fall Problem Revisited

As an example of the importance of Coriolis e®ects, we consider the simple free-fall problem,
where

(x0; y0; z0) = (0; 0; h) and ( _x0; _y0; _z0) = (0; 0; 0);

so that the constants (22) are

Cx = 0 = Cz and Cy = 2! h cos ¸:

Substituting these constants into Eqs. (23) and keeping only terms up to ¯rst order in !,
we ¯nd

x(t) = 0; (27)

y(t) =
1

3
gt3 ! cos ¸; (28)

z(t) = h ¡ 1

2
gt2: (29)

Hence, a free-falling object starting from rest touches the ground z(T ) = 0 after a time

T =
q
2h=g after which time the object has drifted eastward by a distance of

y(T ) =
1

3
gT 3 ! cos ¸ =

! cos¸

3

s
8h3

g
:

At a height of 100 m and latitude 45o, we ¯nd an eastward drift of 1:55 cm.

4.2 Foucault Pendulum

We now consider the motion of a pendulum (of length ` and mass m) in the rotating frame
of the Earth. The equation of motion for the pendulum is given as

Är = af ¡ 2 !£ _r; (30)

where af = g+T=m is the net ¯xed-frame acceleration of the pendulum expressed in terms
of the gravitational acceleration g and the string tension T (see Figure below). Note that
the vectors g and T span a plane ¦ in which the pendulum moves in the absence of the
Coriolis acceleration ¡ 2!£ _r.
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Using spherical coordinates (r; µ; ') in the rotating frame and placing the origin O of
the pendulum system at its pivot point (see Figure above), the position of the pendulum
bob is

r = ` [ sin µ (sin' bx + cos' by) ¡ cos µ bz ] = ` br(µ; '): (31)

From this de¯nition, we construct the unit vectors bµ and b' as
bµ = @br

@µ
;
@br
@'

= sin µ b'; and
@bµ
@'

= cos µ b': (32)

Note that, whereas the unit vectors br and bµ lie on the plane ¦, the unit vector b' is
perpendicular to it and, thus, the equation of motion of the pendulum perpendicular to the
plane ¦ is

Är ¢ b' = ¡ 2 (!£ _r) ¢ b': (33)

The pendulum velocity is obtained from Eq. (31) as

_r = `
³
_µ bµ + _' sin µ b'´ ; (34)

so that the azimuthal component of the Coriolis acceleration is

¡ 2 (!£ _r) ¢ b' = 2 `! _µ (sin¸ cos µ + cos ¸ sin µ sin') :

If the length ` of the pendulum is large, the angular deviation µ of the pendulum can be
small enough that sin µ ¿ 1 and cos µ ' 1 and, thus, the azimuthal component of the
Coriolis acceleration is approximately

¡ 2 (!£ _r) ¢ b' ' 2 ` (! sin¸) _µ: (35)
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Next, the azimuthal component of the pendulum acceleration is

Är ¢ b' = `
³
Ä' sin µ + 2 _µ _' cos µ

´
;

which for small angular deviations yields

Är ¢ b' ' 2 ` ( _') _µ: (36)

By combining these expressions into Eq. (33), we obtain an expression for the precession
angular frequency of the Foucault pendulum

_' = ! sin¸ (37)

as a function of latitude ¸. As expected, the precession motion is clockwise in the Northern
Hemisphere and reaches a maximum at the North Pole (¸ = 90o).

The more traditional approach to describing the precession motion of the Foucault pen-
dulum makes use of Cartesian coordinates (x; y; z). The motion of the Foucault pendulum
in the (x; y)-plane is described in terms of Eqs. (30) as

Äx + !20 x = 2 ! sin ¸ _y
Äy + !20 y = ¡ 2 ! sin ¸ _x

)
; (38)

where !20 = T=m` ' g=` and _z ' 0 if ` is very large. We now de¯ne the complex-valued
function

q = y + i x = ` sin µ ei'; (39)

so that Eq. (38) becomes
Äq + !20 q ¡ 2i ! sin ¸ _q = 0:

We now insert the eigenfunction q(t) = ½ exp(i- t) into this equation and ¯nd that the
solution for the eigenfrequency - is

- = ! sin ¸ §
q
!2 sin2 ¸ + !20;

so that the eigenfunction is

q = ½ ei! sin¸t sin
µq
!2 sin2 ¸ + !20 t

¶
:

By comparing this solution with Eq. (39), we ¯nd

½ sin
µq
!2 sin2 ¸ + !20 t

¶
= ` sin µ ' ` µ(t);

and
'(t) = ! sin ¸ t;

from which we recover the Foucault pendulum precession frequency (37).
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