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Motion in a Non-Inertial Frame

1 Time Derivatives in Fixed and Rotating Frames

Let us consider the time derivative of an arbitrary vector A in two reference frames. The
first reference frame is called the fized frame and is expressed in terms of the Cartesian
coordinates r' = (z’,y/,2’). The second reference frame is called the rotating frame and
is expressed in terms of the Cartesian coordinates r = (x,y, z). In the Figure below, the
rotating frame shares the same origin as the fixed frame and the rotation angular velocity
w of the rotating frame (with respect to the fixed frame) has components (w,,w,,w.,).

Since observations are often made in a rotating frame of reference, we decompose the
vector A in terms of components A; in the rotating frame (with unit vectors X*). Thus,

A = A; X (using the summation rule) and the time derivative of A as observed in the fixed
frame is

dA dA; dx’

%: dt XZ—FAidt. (1)
The interpretation of the first term is that of the time derivative of A as observed in the
rotating frame (where the unit vectors X are constant) while the second term involves the
time-dependence of the relation between the fixed and rotating frames. We now express
dx!/dt as a vector in the rotating frame as

% = RI%; = éFwyx;, (2)




where R represents the rotation matrix associated with the rotating frame of reference;
this rotation matrix is anti-symmetric (RY = — R’") and can be written in terms of the
anti-symmetric tensor ¢“* (defined in terms of the vector product A X B = A;B; €7k %, for
two arbitrary vectors A and B) as RY = e%*w;, where w;, denotes the components of the
angular velocity w in the rotating frame. Hence, the second term in Eq. (1) becomes

dxt

Az% = Aieijkwkﬁj = wXA. (3)

The time derivative of an arbitrary rotating-frame vector A in a fixed frame is, therefore,

expressed as
dA dA
— = |- X A 4
(dt>f (dt)T+w ’ 4)

where (d/dt); denotes the time derivative as observed in the fixed (f) frame while (d/dt),
denotes the time derivative as observed in the rotating (r) frame. An important application
of this formula relates to the time derivative of the rotation angular velocity w itself. One

can easily see that
dw . dw
) o= (=
dt f dt )’

since the second term in Eq. (4) vanishes for A = w; the time derivative of w is, therefore,
the same in both frames of reference and is denoted w in what follows.

2 Accelerations in Rotating Frames

We now consider the general case of a rotating frame and fixed frame being related by
translation and rotation.
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In the Figure above, the position of a point P according to the fixed frame of reference is
labeled r’, while the position of the same point according to the rotating frame of reference
is labeled r, and

r = R + r, (5)

where R denotes the position of the origin of the rotating frame according to the fixed
frame. Since the velocity of the point P involves the rate of change of position, we must
now be careful in defining which time-derivative operator, (d/dt)s or (d/dt),, is used.

The velocities of point P as observed in the fixed and rotating frames are defined as

dr’/ dr
vy = <E>f and v, = <E>r, (6)

respectively. Using Eq. (4), the relation between the fixed-frame and rotating-frame veloc-
ities is expressed as

dR dr
— i - =V v, + 7
Vi = ( t>f+ < t>f + v, w Xr, ()

where V. = (dR/dt); denotes the translation velocity of the rotating-frame origin (as
observed in the fixed frame).

Using Eq. (7), we are now in a position to evaluate expressions for the acceleration of
point P as observed in the fixed and rotating frames of reference

dvy dv,
ay (dt)f o = (%) s)

respectively. Hence, using Eq. (7), we find

o= (@), (), + (@), e e (@)
f _— _— — —
dt s dt f dt f dt f

= A+ (& +wXV) +WwXr + wX (v + wXr),

or
af = A +a +2wXV, + WXr + wX (wXr), (9)

where A = (dV/dt); denotes the translational acceleration of the rotating-frame origin
(as observed in the fixed frame of reference). We can now write an expression for the
acceleration of point P as observed in the rotating frame as

a =af — A - wX (WXr) —2wXvVv, —wXr, (10)

which represents the sum of the net inertial acceleration (af — A), the centrifugal acceler-
ation —w X (w X r) (see Figure below)
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the Coriolis acceleration — 2w X v, (see Figure below)
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and an angular acceleration term — w X r which depends explicitly on the time dependence
of the rotation angular velocity w.

The centrifugal acceleration (which is directed outwardly from the rotation axis) rep-
resents a familiar non-inertial effect in physics. A less familiar non-inertial effect is the
Coriolis acceleration. The Figure above shows that an object falling inwardly also experi-
ences an eastward acceleration.

3 Lagrangian Formulation of Non-Inertial Motion

The Lagrangian for a particle of mass m moving in a non-inertial rotating frame (with
its origin coinciding with the fixed-frame origin) in the presence of the potential U(r) is
expressed as

L(r,¥) = %|1‘~ +wxrf - U, (11)
where w is the angular velocity vector and we use the formula

i+ wxr)? = i + 2w- (rX¥T) + {w2r2 — (w-r)Q].
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Using the Lagrangian (11), we now derive the general Euler-Lagrange equation for r. First,

we derive an expression for the canonical momentum

oL .
p = Ezm(r%—er),
and
d (0L . : :
a(g) = m(r + wXr + wXr).
Next, we derive the partial derivative
g—f = —VU(r) - mwXT + wX (wXr)],

so that the Euler-Lagrange equations are

mi = —VU(r) — m[wXr + 2wXr + wX (wXr)].

(12)

(13)

Here, the potential energy term generates the fixed-frame acceleration, — VU = may, and

thus the Euler-Lagrange equation (13) yields Eq. (10).

4 Motion Relative to Earth

We can now apply these expressions to the important case of the fixed frame of reference
having its origin at the center of Earth (point O’ in the Figure below) and the rotating
frame of reference having its origin at latitude A and longitude ¢ (point O in the Figure
below). We note that the rotation of the Earth is now represented as 1) = w and that

w = 0.




We arrange the (x,y, z) axis of the rotating frame so that the z-axis is a continuation
of the position vector R of the rotating-frame origin, i.e., R = RZ in the rotating frame
(where R = 6378 km is the Earth’s radius assuming a spherical Earth). When expressed
in terms of the fixed-frame latitude angle A and the azimuthal angle v, the unit vector Z is

Z = cos A (cosX + sinyy) + sinAZ.

Likewise, we choose the z-axis to be tangent to a great circle passing through the North
and South poles, so that

X = sinA (cosyX + sinyy’) — cosAZ.

Lastly, the y-axis is chosen such that

~

y = ZXX = —sinyX + cosyy.

We now consider the acceleration of a point P as observed in the rotating frame O by
writing Eq. (10) as

d’r

ﬁ:go—f{f—wx(er)—wa—. (14)

The first term represents the pure gravitational acceleration due to the graviational pull of
the Earth on point P (as observed in the fixed frame located at Earth’s center)

GM

8 = WIH

where r' = R + r is the position of point P in the fixed frame and r is the location of
P in the rotating frame. When expressed in terms of rotating-frame spherical coordinates

(.0, 0):
r = r[sinf (cospX + sinpy) + cosfz],

the vector 1’ is written as
r = (R+rcosf)z + rsinf (cospX+singy),

and thus 32
r’|? = <R2 + 2 Rr cosf + 7’2) .

The pure gravitational acceleration is, therefore, expressed in the rotating frame of the

Earth as

(14+€cosf)z + esinf (cospX+sinpy)
(1+2¢€cosf + €2)%? ’

where gy = GM/R* = 9.789 m/s® and e = /R < 1.

@ = - | (15)



The angular velocity in the fixed frame is w = w7, where

2m rad
- = 72 107°
Y w3600 sec (2T > 107 rad/s

is the rotation speed of Earth about its axis. In the rotating frame, we find
w = w (siInAZ — cosAX). (16)

Because the position vector R rotates with the origin of the rotating frame, its time deriv-
atives yield

R; = wXR = (wWR cos)) y,
R; = wxR; = wx (WxR) = —w?Rcos) (cosAz + sin A%),

and thus the centrifugal acceleration due to R is
Ry = —wX (WXR) = agy cosA(cosAz + sinAX), (17)

where w? R = 0.0337 m/s? can be expressed in terms of the pure gravitational acceleration
go as w>R = ago, where @ = 3.4 x 1073. We now define the physical gravitational
acceleration as

g = 8 — wX [wX(R+r)]
= go[— (1 — acosQ)\)i + (a cosAsin ) ?}, (18)

where terms of order ¢ have been neglected. A plumb line experiences a small angular
deviation 0(\) from the true vertical given as

I a sin 2\
tand(\) = = :
and(A) |g. | (2 —a) + a cos 2\
This function exhibits a maximum at a latitude A defined as cos 2\ = —a/(2 — ), so that
- in 2\
tand — @ s - Y L 17x10°8
(2—a) +a cos2A 2v1—a
or
= : ~ T a
0 ~ b5.86 arcmin at A o~ <Z + Z) rad = 45.05°.
We now return to Eq. (14), which is written to lowest order in € and « as
Tr ;- 2wx (19)
& 5 owx =
dt? g dt’
where p
w X % = w|[(ZsinA + ZcosA\)y — ¢ (SinAX + cosAZ)].



Thus, we find the three components of Eq. (19) written explicitly as

T = 2wsinAy
J = —2w(sinAZ + cosAZ) . (20)
i = —g+ 2wcos\y J

A first integration of Eq. (20) yields

t = 2wsinAy + C;
y = —2w(sinAz + cosAz) + C (21)
zZ—gt+2wcos)\y—|—C J

where (Cz, Cy, C.) are constants defined from initial conditions (zo, yo, 20) and (&o, %o, 20):

Cy = oo — 2w sin A\ yo
Cy = 9o + 2w (sinAxo + cos A zp) (22)
C, = 29 — 2w cos Ay J
A second integration of Eq. (21) yields
t
z(t) = w0 + Cyt + 2w sinA /0 y dt,
t t
yt) = w + Cyt — 2w sin)\/o rdt — 2w cos)\/o z dt,
t
2(t) = 2z + C,t — %th + 2w cosA / ydt,
0
which can also be rewritten as
z(t) = zo + Cpt + 0x(t)
y(t) = yo + Cyt + dy(t) , (23)
2(t) = 20 + Cot — 5912 + 02(2) |
where the Coriolis drifts are
1 t
Sa(t) = 2wsin)\<yot +5G 8+ | 6ydt> (24)
1 t
dy(t) = —2wsinA (mot + 50mt2 + / 6mdt>
0
1 1 t
— 2w cos)\<zot + §CZt2 — ggt3 + /0 5zdt> (25)
1 t
52(t) — 2wcos)\<y0t + G / 5ydt). (26)
0

Note that each Coriolis drift can be expressed as an infinite series in powers of w and that
all Coriolis effects vanish when w = 0.



4.1 Free-Fall Problem Revisited

Asan example of the importance of Coriolis effects, we consider the simple free-fall problem,
where

($07 Yo, ZO) = (07 07 h) and («T.(), y07 ZO) = (07 07 0)7
so that the constants (22) are

C; =0=2C, and Cy, = 2wh cosA.

Substituting these constants into Eqgs. (23) and keeping only terms up to first order in w,
we find

z(t) = 0, (27)
y(t) = % gt3 w cos A, (28)
z2(t) = h — %th. (29)

Hence, a free-falling object starting from rest touches the ground z(7) = 0 after a time
T = \/ 2h/g after which time the object has drifted eastward by a distance of

W COS A 8_h3

3 g

1
y(T) = ggTSw cos\ =

At a height of 100 m and latitude 45°, we find an eastward drift of 1.55 cm.

4.2 Foucault Pendulum

We now consider the motion of a pendulum (of length ¢ and mass m) in the rotating frame
of the Earth. The equation of motion for the pendulum is given as

I = af — 2wXr, (30)

where ay = g+ T/m is the net fixed-frame acceleration of the pendulum expressed in terms
of the gravitational acceleration g and the string tension T (see Figure below). Note that
the vectors g and T span a plane II in which the pendulum moves in the absence of the
Coriolis acceleration — 2w X r.



Using spherical coordinates (7,0, ¢) in the rotating frame and placing the origin O of
the pendulum system at its pivot point (see Figure above), the position of the pendulum
bob is

r = { [sinf(singX + cospy) — cosfz| = L7(6, ). (31)

From this definition, we construct the unit vectors 6 and P as
- oF  oF 00

= —, — = sinfp, and — = cosfQ. 32
90° 9y v 9 (82)

Note that, whereas the unit vectors 7 and @ lie on the plane II, the unit vector @ is
perpendicular to it and, thus, the equation of motion of the pendulum perpendicular to the
plane II is

r-g = —2 (wxr) -@. (33)

The pendulum velocity is obtained from Eq. (31) as
i =((00 + ¢sind p), (34)
so that the azimuthal component of the Coriolis acceleration is
—2 (WXT) @ = 2lwh(sin) cosf + cos A sinf siny).

If the length ¢ of the pendulum is large, the angular deviation 6 of the pendulum can be
small enough that sinf < 1 and cosf ~ 1 and, thus, the azimuthal component of the
Coriolis acceleration is approximately

—2 (WXT)-@ ~ 2/0(wsinA) 6. (35)
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Next, the azimuthal component of the pendulum acceleration is
i3 = £(@sing + 209 cosb),
which for small angular deviations yields
i~ 24 (p) 6. (36)

By combining these expressions into Eq. (33), we obtain an expression for the precession
angular frequency of the Foucault pendulum

¢ = w sin A (37)

as a function of latitude A. As expected, the precession motion is clockwise in the Northern
Hemisphere and reaches a maximum at the North Pole (A = 90°).

The more traditional approach to describing the precession motion of the Foucault pen-
dulum makes use of Cartesian coordinates (z,y, z). The motion of the Foucault pendulum
in the (z,y)-plane is described in terms of Egs. (30) as

i+ wir = 2wsin\y }

§ + wiy = —2wsinAz (38)

where wg = T/ml ~ g/¢ and # ~ 0 if £ is very large. We now define the complex-valued
function .
g = y+ix = £sinfe?, (39)
so that Eq. (38) becomes
qg + wgq — 2iwsinAg = 0.
We now insert the eigenfunction ¢(t) = p exp(i- t) into this equation and find that the
solution for the eigenfrequency - is

- = wsin\ £ \/w2 sin? A + W,

so that the eigenfunction is

q = pesinAt gin (\/w2 sin? A\ + w? t).

By comparing this solution with Eq. (39), we find

p sin <\/w2 sin® A\ + w%t) = (sinf ~ £0(t),

and
o(t) = wsin At,

from which we recover the Foucault pendulum precession frequency (37).
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