Solving the Dirichlet Eigenproblem using MPS
by Naomi Davis
15 March 2006

The purpose of the project is to determine eigedea@ssociated to a continuous radial
function inR?%. Given a domain , the Dirichlet Eigenproblem involves finding

eigenwavenumbers &nd eigenmode$; which are nonzero solutions to the Helmholtz eiguat
in and zero on the boundary, i.e.

(D+k2)f, =0 inw

f, =0 onadw
In order to avoid having‘j =0in , and because all scalar multiples of a(r]yalso satisfy the

Dirichlet Eigenproblem, we require than ‘2 dx=1.
w

For this project the domain considered is defingdhe boundary function

f(g) =1+ 1cod5q).
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We begin by guessing wavenumbers k and approxignatimnction u which satisfies the
Dirichlet problem by a linear combination of baiactions which are known to satisfy the
Helmholtz equation in . For the basis functions we use plane waves

. n . N
sinkd, ) forlfi£ A

e(x)=
J N i
coskdi_% xx) for A <i£N

whered, are unit direction vectors at angles [Pand x is a vector iR

Matlab code for basis functions:
function[y]=basis(j,n,k,x1,x2)
%ijth of n basis plane waves with wave number k at the point (x1,x2)
if (1<=))&(j<=(n/2)))
dl=cos((j-1)*2*pi/n);
d2=sin((j-1)*2*pi/n);



y=sin(k*(d1*x1+d2*x2));
else
d1=cos((j-(n/2)-1)*2*pi/n);
d2=sin((j-(n/2)-1)*2*pi/n);
y=cos(k*(d1*x1+d2*x2));

end
[u]= |ud
To satisfy the boundary condition we want to mim'en'i uj= |u| S where u is nonzero and
w
N 2
u= a e for somea, inR. We can approximatu] » |Aal, where

i=1

A = ,/Wj ej(yj) for j=1...,M andi =1,...,,N, the y are radially equally spaced

|Adl,

boundary points anav; = qu?‘sj . Then given k we can fint(k) = mion—2 which is a
q at a
2

linear algebra problem solved by t(k) %, the minimum singular value of A.

Then using Singular Value Decomposition of A = USW¥e minimization of t[u] is
achieved witha = v, wherev, corresponds to the minimum singular valye The Matlab

command [U, S, V] = svd(A) automatically puts thegsilar values in decreasing order&ads
given by the last column of V.

Matlab code for finding u given k:
function [A,V]=andy(k,n,m)
Y=thing(m); %m boundary points
W=(weight(Y)).N(1/2);

fori=1:n
for j=1:m
A(j,)=W(j,1)*basis(i,n,k,Y(},1),Y(j,2));
end
end

[U,S,V]=svd(A);

function [y] = wave(x1,x2)
k=4.5;
n=20; %number of basis functions
b=100; %number of boundary points
[A,V]=andy(k,n,b);
V=V(;,n);
for j=1:n
if (1<=))&(j<=(n/2)))
dl=cos((j-1)*2*pi/n);
d2=sin((j-1)*2*pi/n);
Y(j,1)=V(j,1)*sin(k*(d1*x1+d2*x2));
else
d1=cos((j-(n/2)-1)*2*pi/n);
d2=sin((j-(n/2)-1)*2*pi/n);
Y(j,1)=V(j,1)*cos(k*(d1*x1+d2*x2));
end
end



y=sum(Y);

This method was used to find u once the improvedhigd of Particular Solutions was
used to find k values for eigenwavenumbers. Tadaftmctions u which are exponentially small

|u|2ds

in the interior of the domain Iet{u] =M _— andt(k) = mint[u]. M interior points are used
u

u|”dx

W

: 1 i , :
to estimate |u|2dx» ||Ba||§ where B; zﬁei(y'j’“) for j=1...M andi =1...,N.
W
Also using M boundary points |u|2ds is estimated in the same way as above. Then

w
2

Aa
t(k) = minu and this is solved by t(k) 5, the lowest generalized eigenvalue. Plotting t(k)

over values of k, the minimums of the plot corregpto eigenwave numbers.

0.35

minirmims

g 24631 B.3B33
39041 94426
21702 98164
2.5805  10.457%
65001  11.2422
i 69016 11.8175
78498 12,8801
8.1875

i fith= 14+ .1 cos (5t}
W=2z0
M =350

k) for b from 2 1o 13

All minimums are found even though minimums at p®such as k = 10.4579 and k = 11.8175
are further from zero and may not correspond toa@&igenwavenumbers. Even though this is
the case, all minimums are treated as potentiahsigvenumbers. The interval 2 to 13 was

chosen because after that point minimums get fuethay from the k axis and are less reliable.

Matlab code for creating plot of t(k) over k andding minimums:
function [E,D]=gerald(n,m,k1,k2,s)
X=(0:s).*(k2-k1)./s+k1;
Y=(1:s).*(k2-k1)./s+k1-.5*%(k2-k1)/s;
P=phil(m);
for j=1:s+1
A=albert(m,n,X(1,));



B=benet(P,n,X(1,)));
G=eig(A™*A,B*B);
E(j,1)=min(G);

end

plot(X,E,'r")

p=1;
for j=2:s
if ((E(j,1)-E(j-1,1)<0)&(E(j+1,1)-E(j,1)>0))
D(p,1)=X(1.j);
p=p+1;
end
end

Functions called:
function [Y]=phil(n)
%fills a matrix with n random interior points of boundary function
for k=1:n
i=0;
while (j==0)
X=2.4.*rand(1,2)-1.2;
r=sqgrt(X(1,1)"2+X(1,2)"2);
t=atan2(X(1,2),X(1,1));
if ( r< boundary(t))
Y(k,1)=X(1,2);
Y(k,2)=X(1,2);
=L
else
j=0;
end
end
end

function [A]=albert(m,n,k)
F=thing(m);
for j=1:m
fori=1:n
A(j,i)=basis(i,n k,F(j,1),F(j,2));
end
end

function [B]=benet(P,n,k)
%obtain P matrix of interior random points from phil(m)
[m,s]=size(P);
for j=1:m

fori=1:n

B(j,i)=basis(i,n,k,P(j,1),P(j,2));

end

end

Once the eigenwavenumbers and eigenmodes are@dbtéine eigenmode is plotted over
the domain and the error on the boundary is found.

Matlab code for plotting eigenmodes and error:
function [Y]=emode(X)



[n,m]=size(X);
for i=1:n
for j=1:n

Y (j,i)=wave(X(i,1),X(j,2));

end
end

T=thing(100);
plot(T(:,1),T(:,2),'0k")
hold on
surf(X(:,1),X(:,2),Y)
shading flat

function [D]=bderr(t)

Z=thing(t);

for i=1:t
D(i,1)=wave(Z(i,1),Z2(i,2));

end

X=(1:t)*2*pi/(t*2*pi);

plot(X,D,'r")
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Lst mode boundary error with 10 basis functions
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The 29 and 3 modes have relatively high error peaking arounditB 10 basis function
approximation. Although the error on the boundamnuch smaller with 20 basis functions,
because the original MPS method was used to fiaeitpenmode it goes to zero inside the
boundary. For the higher modes, the magnitudaegtror appears to correspond to the t(k)
value of the minimum, i.e. the highest error ocatrthe most suspect k value, k = 11.8175.



