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Abstract

This paper concerns identification and estimation of a finite-dimensional parame-
ter in a panel data-model under nonignorable sample attrition. Attrition can depend
on second period variables which are unobserved for the attritors but an independent
refreshment sample from the marginal distribution of the second period values is avail-
able. This paper shows that under a quasi-separability assumption, the model implies a
set of conditional moment restrictions where the moments contain the attrition function
as an unknown parameter. This formulation leads to (i) a simple proof of identification
under strictly weaker conditions than those in the existing literature and, more impor-
tantly, (ii) a sieve-based root-n consistent estimate of the finite-dimensional parameter
of interest. These methods are applicable to both linear and nonlinear panel data
models with endogenous attrition and analogous methods are applicable to situations
of endogenously missing data in a single cross-section. The theory is illustrated with a
simulation exercise, using Current Population Survey data where a panel structure is

introduced by the rotation group feature of the sampling process.
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1 Introduction
Panel data models with "fixed effects" typically imply moment conditions of the form

0= FEd¢ (y1,ys, 21, T2, BolT1, T2) , ace. 21,29 (1)

where ¢ (.) is known, the subscripts 1,2 correspond to the two time periods, y are the
dependent variable, the x’s are d x 1 time-varying covariates and [, is the parameter of
interest. Such moment conditions arise when the individual specific effects are eliminated
either by differencing the data or by a clever conditioning method. For example, with strictly

exogenous regressors, a linear individual effects model has

¢ (Y1, Yo, 1,22, B) = yo — t1 — (w2 — 1) BB,

the fixed-effects logit model has

1
¢(y17y27x1733276) =1 (yl + Yo = 1) (y1 - m) ,

fixed effects censored regression (Honore’ (1992)) with censoring below at 0 has

¢(ylayz,$1,$275) = Ul12 (5) — V21 (5)
Ust (6) = max {y& (Is - xt)lﬁ} — max {Ov (Is - xt)lﬁ} .

When we have a random sample of individuals, either with no attrition or with sample
attrition (i.e. x5 and y, are not observed for a subset of the sample) that is "completely ig-

" solving the sample analog of (1) yields consistent estimates of 3,. Moreover, when

norable
either the function ¢ (.) or its expectation is smooth in 3 (c.f. Pakes and Pollard (1989)),
the estimators typically converge to normal distributions at the root-n rate. However, when
sample attrition depends on the y’s, solving the sample analog of (1) with only the survivors
does not yield consistent estimates of the parameter of interest. If attrition depends only
on the first period values of the variables (i.e. it is independent of the unobservable y, con-

ditional on the observables yi, z1- traditionally called "ignorable attrition"), then one can

'Formally, if S is a dummy for whether an individual does not drop out, then a necessary and sufficient

condition for complete ignorability of attrition in this model is that

E{S¢ (y1792,$1a$2750) |$1,$2} =0

which is implied by the condition Sy, ya|x1, zo.



estimate the probability of surviving conditional on (y;, 1) and either reweigh the data by
inverse of these predicted probabilities or impute the missing observations to get a consistent
estimate. If however, survival depends on y, after conditioning on (y;, x1), there is no way of
identifying (3, without using either external information or relatively strong untestable as-
sumptions on the structure of the attrition process. The idea that attrition could depend on
outcome variables of the second period is most easily motivated in a treatment effect context
(see, e.g. Hausman and Wise (1979)) where people whose treatment effects are small are less
enthusiastic about responding to the survey in the post-treatment period. A second example
would be where one wants to estimate the effect of covariates (e.g. employer-provided health
insurance) on job-mobility using panel data but suspects that individuals who change jobs
and move are most likely to drop out of the sample.

Existing econometric methods which attempt to correct panel data estimators for at-
trition can be divided into two broad categories. The first is where one makes stronger
assumptions on the attrition process but does not require additional data and the second is
where some of these assumptions are relaxed but additional data are used. The first cat-
egory includes Hausman and Wise (1981), Wooldridge (1999, 2002) and Das (2004). The
second category includes Ridder (1990, 1992) and Nevo (2002, 2003) which rely on models
of attrition that are assumed to be fully parametrically specified (e.g. assumptions A1-A3
in Nevo, 2003). The present paper belongs to the second strand of the literature in that
it uses additional data in the form of refreshment samples but at the same time it relaxes
strong parametric assumptions on the attrition process. When the main parameters of inter-
est come from a linear model, Fitzgerald, Gottschalk and Moffitt (1998) discuss alternative
approaches (including semiparametric ones) to estimation under attrition on observables and
unobservables. Verbeek and Nijman (1992) consider testing attrition on unobservables under
normality and linearity of the main model while Nicoletti (2006) considers testing under fully
parametric settings but allowing for dynamic panel data models.?

The present paper extends the existing literature by combining the following features. It

(i) allows for the estimands to come from nonlinear (such as probit) models, (ii) uses a flexible

2The econometric and applied literature on attrition in panel data is larger than the papers cited above.
The Spring 1988 volume of the Journal of Human Resources, for instance, includes several other papers and
a more complete citation of the literature. The above papers were cited only to illustrate the broad strands

in the literature and to put the present paper in context.



specification of attrition, (iii) derives both identification and estimation results and (iv) does
not use distributional assumptions for making selection-type corrections. It also adds to
the existing body of work on semiparametric estimation based on combined samples (c.f.
Moffitt and Ridder (forthcoming) for a survey of such methods). The two key requirements
for the methods of the present paper to work are the availability of refreshment samples and
a quasi-separability assumption (see (2) below) on the attrition process, which are explained
below.

Hirano, Imbens, Ridder and Rubin (2001, henceforth HIRR) have recently addressed
attrition on unobservables and have shown that under a quasi-separability restriction, the
attrition function can be semiparametrically identified using refreshment data. However,
they did not analyze the properties of the resulting estimator of the attrition function.> The
main difficulty in doing this is that the infinite dimensional parameter (the attrition func-
tion) is not directly estimable in their approach. It is only implicitly defined through a set
of integral equations which cannot be analytically solved to yield a closed-form expression
for the attrition function. Therefore, the standard procedures of the semiparametrics liter-
ature (e.g. Newey and McFadden (1994), pages 2194-2215), which are based on a kernel or
series-based estimate of the nonparametric component, cannot be used here to derive the
asymptotic properties of the estimate of j3,,.

The key observation in the present paper is that the integral equations implied by the
model and discussed in HIRR are equivalent to a set of conditional moment restrictions
where the moment functions contain the unknown attrition function and [, as unknown
parameters. The moment interpretation leads to (i) establishing identification under weaker
conditions than HIRR via a proof that is much simpler and significantly more elegant than
the proof in HIRR, (ii) a sieve-based method of estimating both the attrition function and
B, and derivation of asymptotic properties of these estimates by modifying the approach
of Ai and Chen (2003) (henceforth, AC) to allow for the presence of different conditioning
variables in the different moment conditions. I show that the key smoothness conditions for
a n!/* rate of convergence for the attrition function and the \/n-rate for 3 in this problem can
be established by "local" versions of the moment-based identification proof above. However,

unlike AC, I do not discuss the issue of efficiency here and postpone that to future research.?

3Their prior working paper version briefly discussed estimation under a fully parametric set-up when all

variables were discrete.
4In personal communication, Chen has informed me of the existence of an unpublished note by Ai and
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1.1 Sampling Set-up

The sampling set-up is as follows. We have two datasets- respectively called a primary and
a refreshment sample. The primary sample is a random sample of size n of individuals
drawn from the population in period 1 and followed into period 2. In period 2, only n; <n
of the original individuals respond. Let 1, denote the dependent variables, x; denote the
time-varying explanatory variables and v denote the time-invariant explanatory variables.
Thus, we know the values of (y;1,21,v;) for all n individuals and the values of (yg;, 9;)
only for individuals 1,...n;. Assume that we have a refreshment sample of size ns, which is
an independent random sample (i.e. drawn from the same population but not necessarily
including the same individuals as the primary sample) from the marginal distribution of
(y2, T2,v), viz. the population distribution of the second period values and are denoted by
(y}}, x}z,v}k), j =1,,,n2 (n,n1,n2 go to infinity at the same rate). Attrition is allowed to
depend on all elements of (x1, 1, Yy, Z2,v) but the survival function has a quasi-separable

form

Pr (S = 1|21, 22,v)

= g(k(21,22,v)), say

= g (ko (v) + k1 (21,0) + k2 (22,0)) (2)

where S is a dummy for whether an individual observed in the original panel survives in year
2, (y;,xj) = zj, j =1,2. ¢g(.) is a known c.d.f. while the functions ko (.), k1 (.,.), k2 (.,.) are
unknown and satisfy a location normalization. Such a structure can arise from a separable

specification of the latent survival equation
S* = lf[) (U) + ]ﬁ (Zl,U) + kQ (ZQ,U) —u with S=1 (S* > O)

and conditional on (v, 21, 27), u follows a distribution with c.d.f. ¢(.). Note that this
structure does not imply that there is no interaction between z; and 2o in determining
Pr (S = 1|z, 29, v); the separability holds only in the underlying latent equation.

Observe that (2) and (1) imply

B (qb(Ilayl?y?aIQ’ﬂO) S
g (H (217 22, 7}))

|$1,$2> = E{¢($1;ylay2,$2;5) |$1,$2} =0, a.e. w1, T2.

Chen that derives the efficient estimator in the situation with different conditioning variables in different

moments.



Thus, the population problem becomes

B (¢(Ilay1ay27x27ﬁ0) S
g (’i (217 Z27U>>

|x1,x2> =0 a.e. o1, (3)

which, under Pr (S = 1|z1,z2) > 0 for all z,x5,%,% is equivalent to

2 <¢(I1,y1,y2,x2,50)|5 = 1,x1,x2) =0 for all z1, z» (4)
g(/{ (217227U>>
subject to
f 21,2’2,U|S—1>Pr(521) =
[yt~ A ;
f 21722;U|S—1)Pr(321) =
/ K (21, 22,0)) dzy = fa(22,0). (6)

where f (w|S = 1) denotes the density of w conditional on S = 1. The restrictions (5) and
(6) equate the observed marginal densities f (.,.) and fa (.,.) of (z1,v) and (22, v) to the ones
predicted by the model; the marginal in the RHS of (5) is observed in the original sample
and that in the RHS of (6) is observed in the refreshment data. Using results from the
theory of functional optimization, HIRR show that the restrictions (5) and (6) are satisfied
uniquely (up to a location normalization) by the true functions ko (.), k1 (.,.), k2 (.,.) but do
not propose an estimator. The main difficulty in doing so, as mentioned in the introduction,
is that x(.) is only implicitly defined here through the integral equations in (5) and (6).
A closed-form expression for  (.) is not in general obtainable from (5) and (6). Thus the
standard procedures of the semiparametrics literature, which rely on a closed-form expression
for the estimate of k, are not directly applicable here. In section 2, I show that (i) (5) and
(6) can be rewritten as conditional moment conditions containing 5 and « (.) as unknown

parameters, (ii) the peculiar forms of these moment conditions permit the identification of

®This condition is not overtly strong- if Pr (S = 1]x1,x2) = 0 for some (21, 2), then (3) has no information
on either 8 or k for those values of (z1,z2) and one can simply discard them, i.e. our relevant moment
condition is that for A = {(z1,z2) : Pr(S = 1|z1,22) > 0},

E <¢($1ay17y2ax27ﬁ)5
9 (K (21, 22,v))

|x1,x2> =0a.e. 1,72 € A.

%Since Pr (S = 1]xq,22) = M‘S—l Pr(S =1), a sufficient condition for Pr (S = 1|z1,z2) > 0 for all

f(z1,22)

x1,x9 is that the support of (z1,x3) coincides with the support of (z1,23) conditional on S = 1- which is
also assumed in HIRR.



ko (.),k1(.,.),k2(.,.) from the primary and refreshment data without requiring any result
from functional optimization theory and (iii) a modification of AC leads to a sieve-based

v/n-consistent estimate of 3.

1.2 Refreshment Samples

Refreshment samples are prevalent in both the USA and the rest of the world-the German
Socioeconomic Panel, the Russian Socioeconomic Transition Study, the Malaysian Family
Life Survey etc. being prominent examples. A commonly analyzed US dataset with refresh-
ment samples is the Current Population Survey (CPS) owing to its rotation group structure
(see below for more discussion of the CPS). Another example is the Medical Expenditure
Panel Survey (MEPS) which started in 1996 and employs an overlapping panel structure.
It is not necessary that the refreshment sample comes from exactly the same data source as
the primary sample. In principle, one can use any sample from the same population drawn
in the later year. In particular, the census provides a large refreshment source of data if
the census year corresponds to the latter year of the panel. If anything, the analysis in this

paper should convince sampling agencies about the usefulness of refreshment samples!

1.3 Organization of the paper

The rest of the paper is organized as follows. Section 2 discusses the method of moment
interpretation, provides a simple proof of identification and describes estimation by sieves.
It also shows how the same methods apply to missing data in a single cross-section. Sec-
tion 3 discusses consistency, the rate of convergence, asymptotic normality and consistent
estimation of the covariance matrix together with a brief note on actual implementation
in real datasets. Section 4 discusses two short extensions, section 5 contains results from
the simulation exercise and section 6 concludes. Formal statements and proofs of the main
propositions, some technical regularity conditions for the large sample results, especially as-
ymptotic normality and some details about the simulation experiment are collected in the

appendix.



2 Moment Interpretation, Identification and Estima-
tion

The analysis starts by observing that the restrictions in (5) and (6) can be re-written as
conditional moment conditions, involving the unknown functions ko (.), k1 (.,.), k2 (.,.). To
see this, consider the following steps.

Let for s =0,1,
P(217Z27U75: S) = f(ZbZ?aUlS: 8) Pr (S: S)

where f(z1,22,v]S = s) denotes the joint density of (21, 22,v) conditional on S = s. So,

condition (6) is equivalent to

P (z1,22,v,8 =1)
0 = dz; — 1
/ g (5 (21, 22,0)) f2 (2, 0)

_ Z/ sP (z1,22,v,8 = s) ey — 1
5 K (21, 22,0)) fa (22,0)

- E{g<n<zfz2,v>>'z2’”}‘1'

Thus the restrictions (5) and (6) reduce to

S
E —1]z,vp = 0forall z;,v 7
{Q(K(ZI,ZQ’/U)) | 1 } 1 ( )
S
b {g (5 (21, 22,0)) 1|Z27U} = 0 for all 2, v. (8)

These conditional moments can be transformed to unconditional moments which are es-
timable from the primary and refreshment samples, yielding a method of identifying and
estimating the attrition function. For instance, condition (8) can be transformed to

E {g(Sh (22,0) } = B (h(22,0))

K (21, 29,0))

for any function & (.,.). The left hand side can be estimated by £ 3" Sihzivd) _ - yhich s

1=1 g("€ 21452215 'Uz))’
h 15V 1
(22i,04) ) since S; equals 1 for ¢ = 1, ...n; and is zero otherwise.

1
numerically equal to + " | T

This last quantity can be computed from the primary sample alone. The right hand side
can be estimated by n% > 2 h(#3;, vf) using the refreshment sample. Doing this for a range
of functions & (.,.) (and similarly for (7)) will lead to an estimate of  (.) under conditions

discussed below.



Remark 1 Note that it is possible to start with the two moment conditions (7) and (8)
without deriving them from the conditions (5) and (6). But ex ante it was far from obvious’
that these are precisely the forms of the moment conditions, with g (k) in the denominator
and conditioning on (z1,v) and (z2,v) one at a time, which can be used to identify and
estimate the unknown attrition function from the incomplete data available. Observe that

the more obuvious moment condition
E{S — g (k(z1, 22,v)) |21, 20,0} = 0 for all z1, z3,v
is useless here since the joint distribution of (21, z2,v) is only observed for S = 1.

Remark 2 Further, the equivalence of (7), (8) and (5), (6) implies that the information
content of these conditions are identical, i.e. we are not losing efficiency by concentrating

on the moment formulation.

2.1 Identification

In this subsection, I provide the main statement of identification. The proof of identification
(in appendix) works under somewhat weaker conditions than HIRR and yet is significantly
simpler and (in my view) much more elegant than their proof. In particular, the proof, unlike
HIRR, does not require any complicated result from the theory of functional optimization
and instead makes clever use of the conditional moment conditions derived above.®

First note from above that the population problem reduces to solving

E (ﬁb(l‘l,yl,y%ﬂ?%ﬁ)
g (/{ (Z1> 22, U))

|S:1,ZL’1,1’2) = 0 for all T1,T2

E{ 5 —1|z1,v} = 0 for all z;,v
g(/i(Zl,Zg,U))
S
E —1|z9,vp = 0 for all z9,v. 9
ey ) : )

I first show that the last two moment conditions are satisfied only by the true attrition
function under the quasi-separability assumptions and some regularity conditions. This in

turn will imply identification of [, given the triangular nature of the problem, under the

"Perhaps, they become "obvious" after one has derived them!
81t is this elegant proof which is the main innovation in this part of the present paper, since most common

cdf’s are differentiable anyway.



assumption that § were identified in the original model (1), absent attrition. Below, let x
denote a generic function and kg the true function. Identification amounts to showing that

if any function x satisfies the moment conditions (7) and (8), then xk = k.

Proposition 1 If (i) Conditional on each value v in the support of V', the support Z; (v) X Z4 (v)

of Z1, Zy is not a lower-dimensional subspace of R?*4m() ()

S
E —1lzy,vp = 0 forall zy,v
{g(k‘o (v) + k1 (21,0) + k2 (22,0)) o } f '
S
E —1lzo,vp = 0 for all z9,v. 10
{g(kfo(v)Jrkl (21,0) + kg (22,v)) 2 } f ’ 10

(iii) g (.) is strictly increasing, lim,,_« g (@) =0 =1—lim, .o g (a), () for each v,
there exists zy (v) € 21 (v) and Z2 (v) € 25 (v) such that ki (z1 (v),v) = 0 = ko (22 (v), ),

then kK = Ko w.p. 1.

Remark 3 Note that it is not required that g (.) is differentiable and so the identification
result is stronger than HIRR who assume all of (i)-(iv) in addition to differentiability of g (.).

Proof. See appendix. =

2.2 Estimation

The starting point is the set of moment conditions (9), which imply that the true ay =

(By, ko) uniquely minimizes (sets to 0) the positive semi-definite quadratic form®

Q (a) = Eyy 4, {mg (o, x1,29) |S = 1} + E. {m? (v, 21, v)} + E., . {mg (v, 29, v)} (11)

where
mg(a,xl,xg) _ E{¢ y17y2,I1,$2>B>|S:1’%7332},
g(li (Zlaz?vv))
my (@, z1,v) = E{ o — 1|z v}
Y g("{ (2172270)) ’ ’
my (o, 29,v) = E{ S — 1]z v}.
Y g("{ (2172270)) ’

The estimation strategy is to minimize the sample analog of (11) over «. Since these
sample analogs will be based on both the primary and refreshment samples, it is useful to

write them out explicitly.

9Note that we are abstracting from efficiency considerations here, which is postponed to future research.
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A consistent estimate of the first term in (11) is given by,
1 ni . 2
n =1 9 (H (2517 %25 U))

To estimate F d’(ylyz—““mlS = 1,21, x9; ¢ the idea is to use predicted values from a re-
g(k(z1,22,v)) Jrral

: o(y1,Y2,21,22,0)
gression of 9(k(z1,22,v))

from the subsample with S = 1. Let po; (21, 22), p1j (21,v), p2j (22,v) be known "basis" func-

on a set of basis functions of x1, x5 where all the observations come

tions whose number (k,,) grows slowly enough with the sample size. Recall that (z1, 22, v)
denotes a typical observation in the primary sample and (z3,v*) denotes an observation in

the auxiliary sample. Let

!/
pe" (T1i,22) = (poj (w1, i) i1,y + L0 = (p’é" (11, $2i))1~:1’2_”m
/
plf" (z15,05) = (plj (Zli7vz‘>)j:1mkn , Pr= (p’f" (Zu,Uz‘))i:l,an
/
pg” (22l7 'Ul) = (p2j <Z2l7 Ul))j:L,,kn 7P2* = (pgn (Z;b Ul*))lzl,gmqw .

The sample counterparts of mg, my, mo are given by

ni
N . ¢<xll7y1l7y2lax2laﬁ) kn / / -1k,
mo (Oé>$1jax2j) - ; g(/-;(zu,zm,vl)) Po (3511,5521) (Popo) Do (901]‘,3521')

N = Sl kn / / -1k,
my (o, 215,v;) = ; (g (k (211, 22, 01)) 1) P (2, v) (PP i (215, v5)
/
1 = Slpgn (2’21 ’Ul) 1 2 P2*/P2>k - k
A~ ko ok _ - ) - n * * % n * ok 12
i (06223’@ ) n 12:; g (K (2, z2,01)) Mo ;pg (Z%Ul) N2 P2 (ZQJ,U]O S

Then the objective function that is minimized over « is the sample analog of (11):
1 ni 1 n 1 ng )
~ 2 ~ 2 A * *
— ng (o, 215, 225)" + - Zml (o, 215, 05)" + — ng (v, z55,05)" (13)
17 - 2 %
7=1 J=1 7=1

Since « contains the infinite dimensional x (.) it is convenient to carry out the minimization
over a sieve space which "covers" the parameter space as the sample size grows to infinity.

Thus, the estimate is obtained by minimizing (13) over © x K,,, where K,, is an appropriately

10Tn the expression for 7 (o, 2, v), the two terms within {.} are respectively the estimates of the population

expectations of pg” (22,v) obtained respectively from the (weighted) primary and the auxiliary samples and

(Pif; ) is a consistent estimate of the population expectation of the cross-product matrix of the pg" (22,v)’s.

The difference with the expression for 7h; («, 21,v) arises because (zq7,v;) is not a random sample

1=1,...n1

from the population distribution of (22, v).

11



defined sieve space. While one can use any standard set of basis functions such as splines,
in my applications, I use power series.

Note also that the moment condition (12) is based on 2 different samples. One can write
it in the standard form (to make it similar to Ai and Chen (2003)) as follows. Re-index
observations by k = 1,...n + ny with ny/n = 0, define the (deterministic) variable Dy equal
to 1 if the kth observation comes from the primary sample and zero if it comes from the

refreshment sample. Also, rewrite

n+nsg

PPy = Z (1= Dy) p5 (22m, v) P5" (226, Vi)’
=1

Then we have

. « Sy (22, Vi) " e o
me (@, 22,v) = Z (5Dkg 5 G zn 08)) (1 = Dg) p3™ (z2k,v) ¢ X (Py'PY) " p3™ (22,0)

k=1
]_ 2 2 1 e ]_ + 5 2 ]_ e 2
_ S * ok — 1—D A _ _
T Zmz (04722]7%) "+ 1 kz_; 5 ( k) e (o, 2ok, Vk) n+ 1 ; ma (@, 2ok, Vi)

where we have rewritten 4/ 1T+5 (1 — Dy)mg (o, 2ok, vg) = M (@, 22k, Vg ). Similarly, the first 2
moment functions are

n—+no

m() (04,331,115‘2) — ZSka x1k7y1k7y2k7$2k75)

k ! / -1 k
K (21K, 2ok, Vk)) po" (T, w2x) (FoFo)  po™ (w1, 22)

n-+nsg
. S _
my (o, 21,v) = g Dy, ( i N 1> P (o) (PLP) ™ ph (21, 0)

Zlk> 22k, Uk

This makes the problem have exactly the Ai and Chen structure with one i.i.d. sample of

size n + no.

2.3 Missing Data in Single Cross-Section

The problem of missing outcome data in a single cross-section is a very similar problem
and can be handled using the ideas developed above. The set-up is where one observes
the joint occurrence of (y,z) for a subset of observations in a master dataset. For the
other observations, y is missing. A refreshment sample in this case would be a random
sample drawn from the same population where no y is missing. An example will be a single

cross-section of the CPS as the masterdata with y being weekly earnings. Social security
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administration data on earnings could then be the refreshment sample. Suppose the models

defining the parameter of interest and non-missingness are respectively

E[¢(y7x750)|x] = Oae z
Pr(S=1ly,z) = m(y,x).

One observes the distribution of (y,z|S = 1) and the joint distribution of (S, z) from the
primary sample and the marginal of y from the refreshment data. Then under a quasi-
separability condition

m(y,x) = g (ko + ki (z) + k2 (y)),

one can point-identify the conditional probability of missing outcomes and consequently de-
rive a /n-consistent and asymptotically normal estimate of 3,. The key moment conditions

analogous to (9) are

EL] kﬁé/’xio)@( ))|S:1,x] — Oae
E< (k0+k1(5>+k2(y))—1|x> = 0 ae

S
b (9 (ko + k1 () + k2 (y)) - 1|y> - Vaey

Note that a more realistic scenario is where the individual cross-sections are subject to
nonignorable nonresponse and there is also attrition across the panel. It would be an inter-
esting future project to develop data combination based methods to handle such problems.

But that is not within the scope of the present paper.

3 Asymptotic Properties

In this section, I discuss consistency, rate of convergence and asymptotic distribution of the
estimates. The approach taken here is to verify that the sufficient conditions of AC hold in
the present problem and invoke their theorems to establish the results. I use this section to
establish the key sufficient conditions and postpone discussion of regularity conditions, formal
statements and proofs to the appendix. Even the substantive conditions (vis-a-vis regularity
conditions) in AC’s original paper are somewhat abstract, especially those related to the rate

of convergence and asymptotic normality. The purpose of this section is to specialize the
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general and somewhat abstract assumptions of AC to the present problem. So this section
is not technically "self-contained" in that it repeatedly refers to specific assumptions and
results in AC and so is probably best read in conjunction with sections 3 and 4 of the AC
paper.

The last subsection is a note on implementing the estimation of the main parameters
and estimation of the corresponding asymptotic variances. It aims to provide necessary

guidelines to practitioners who want to use these methods on real data.

3.1 Consistency

The proof of consistency will be analogous to AC lemma 3.1 which, in turn, appeals to the
proof in Newey and Powell (2003). Specification of the parameter space, K and construction
of the sieve, K,, will be similar to them. Since their approach requires that the conditioning
variables have compact support with a density bounded away from 0 on this compact support
(e.g. assumption 3.1 (ii) and (iil) on page 1803), I require that the supports of all the y, v and
x variables are compact and have densities that are bounded away from 0.!! The definition
of the parameter space and the consistency norm are as follows (the specifications here are
somewhat similar to AC, example 2.2). Suppose that the support of z;, 25 is Z C R% and
that of v is V C R%, Z, V compact with densities that are bounded away from 0. The
parameter space for the infinite dimensional parameters is a Holder ball K, containing those

(ko, k1, k2) which satisfy

o [V (1) = V7 (v)

sup |ko (v)] + sup — < ¢ <0
veV a1+az+...adim » <[vo] VAV HU - U/HWES) ol ,
Vek — V% (24,0
sup [k (21, )] + sup sp MRG0 = V)l
z1€E2ZvEV a1+a2+---adimzl+dimv§[’7] (#1,v) ||(2’1,U) - (Zi,'l/)”}y; !
A
vak , _ vak / !/
Sup s (20,0)] + sup sup Rl ) “ VIR O] ) gy
22€ZveV a1+a2+...adim 29 +dim v <[] (22,0) ||(Z27 v) - (Zéa /U/)H7E !
;é(zé,v’
where 40 < ) 2dmztdimy o [] denotes the greatest integer function, ||.||,; denotes the

Euclidean metric and for a function k (.) of a dimv dimensional vector v, V*kq (v) denotes

1174 is possible to achieve consistency without requiring the compact support assumptions as in Newey and
Powell (2003). In this approach, one allows the unknown function to be nonparametric in the "middle" of its
support but parametric in the "tails". However, I am not aware of a corresponding theory for deriving the

rates of convergence for sieve estimators without bounded support assumptions on the conditioning variables.
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an (aj + az + ...aqim»)th order partial derivative of the function kg (.).

For consistency, I shall use the norm ||.||,, defined as

lall, = sup |ko (v)| +  sup k1 (21,0)] +  sup |k (22, 0) + /BB
veY z1€EZ0EV 29€Z VEY

The functions in x are approximated by the power series (with number of terms increasing

slowly enough with the sample size)

Jn n Jn Jn J'n
’U) = E 503'7)[]}, lﬁ 217 E E 5131’0 21, 227 E E 52ﬂ7J 22,
=0 I=1 j=0 I=1 j=0

where the coefficients satisfy (14) above and the notation vV denotes products of elements
of the v-vector raised to exponents that sum to j. Location normalization is automatically
imposed since k; (0,v) = 0, ky (0,v) = 0 for all v.

Thus the estimation problem amounts to minimizing (13) subject to (14) and '8 < Bs.
I shall assume that no interactions exist within the different components of v, of z; and of z,.
So number of "unknowns" to solve equals 1+ dg+ J,, x d, + 2J2 x d,, x (1+d,) = dsg+ Kip.
Number of moment conditions we have from (12) will be denoted by K.

The formal assumptions, proof of a necessary Lipschitz property and statement for con-
sistency are in the appendix section 7.2. Under these assumptions, one can invoke theorem

4.1 of Newey and Powell (2003) to show that ||& — ayl|, Lo.

3.2 Rate of convergence

This subsection will use the methods of section 3 in AC to define a norm ||.|| such that
|é& — aol| = 0, (R™1/*). This rate turns out to be sufficient to guarantee (under additional
regularity conditions) asymptotic normality of the estimate of . Below, lemma 1 will
establish that the key smoothness condition (15) required to obtain the n'/4 rate holds for
this problem. This condition is roughly that the objective function can be expressed as a
quadratic in the true parameter locally around the true value.

The relevant norm is defined as

[fe% —042H2

- B {{dmo (O‘;C’y"”l’“) (a1 — 042)}2 S = 1}

dm (ag, 21,V 2 dms (o, 29,V 2
+E{%(al_a2)} +E{%(al_a2)} |
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where 2499 denotes a pathwise derivative. Writing out, using u to denote (21, 25, v), we
have
dmy (a;c,lxl,xg) (@1 — o)
e St
dm (a0, 21, v) (j‘lz ) (0 —ag) = —F {% (k1 (1) — k2 (1)) |21,U}
W (1—as) = —E {% (k1 () = iz (1)) |z2,v} .

I will verify conditions 3.6 (iii) and (iv) and conditions 3.9 (i) and (ii) of AC, since they
pertain to the specification of the moment functions. The other conditions relate to the
properties of the sieves which do not depend on the specific moment functions we have
here.!?

First, I verify condition 3.9 (ii) of AC, viz. for some constants ¢i,c; > 0, we have that

for all a € K, satisfying ||a — ao||, = 0 (1),

aE{Q ()} < [la — aol® < 2B {Q ()} . (15)

This will be established using the two facts that (A)|la — ag|| > 0 if & # p and (B) higher
order derivatives of the objective function are bounded in an appropriate sense. Then, (B)
will imply that £ {Q (a)} = |la — ao||* + o ([Jec = aoﬂi) whence (A) will imply the result.
(A) is established below, using the following lemma. This lemma will be used again
in showing the requisite smoothness properties for establishing the y/n-rate for 8 in the
next section. The proof of this lemma can be viewed as a "local" analog of the proof
of identification in section 2 of the paper, except that differentiability of ¢ (.) is assumed.
The idea of the lemma is as follows. Let wy (.),w; (.,.) and ws (.,.) be arbitrary functions.
Suppose that for each fixed v, the support of (z1, z3) is given by Z; (v) X Z5 (v). Let

) B g’ (,‘QO (21, 227U))
H(Zl,z27v) o g(K/O <21,227U))

{wo (v) +wy (21,v) + wa (29,0) }.

We want to show that if for each fixed v, E <H(z1,z’2,v)|zl,v> = 0 for all 2, € 2 (v)
and E (ﬁ(21,22,v)’22,v) = 0 for all z9 € Z5 (v), then w; (21,v) = 0 = wy (29,v) a.e. on

21 (v) xZ3 (v). The formal statement is as follows.

12Except that the degree of smoothness required for bounding the bracketing numbers and therefore the

precision of the approximation of the true functions by the sieves depends on the dimensions of the variables
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Lemma 1 If for each fized v, (i) the support Z; (v) X Z5(v) of (z1,22) is not a lower
dimensional subspace of R¥>*4m&) (i) F (Ff(zl,22,v)|z1,v) =0 for all z; € Z,(v) and
E (ﬁ(zl, 29,0)]| 22, v) =0 forall z, € Z5 (v), (iii) g (.) is differentiable with ¢' (kg (21, 22,v)) >
0 on 2, (v) X249 (v), (iv) there exists z; (v) € 21 (v) and z3 (v) € 25 (v) such that wy (Z, (v) ,v) =
0 = wy (22 (v),v), then wy (z1,v) = 0 = wy (29,v) a.e. on 2 (v) X249 (v). Moreover, wq (v)

18 0 a.e. v.
Proof. See appendix m

Remark 4 The separation between z, and zy is important here. To see that, consider the
following example. Let Zy, Zy,V be independent normals with 0 mean. Let w (21, z2,v) =

z129. Then

E(w(z1,29,v) |21,v) = z1E(23]v) =21E(22) =0
E(w(z1,22,0)|22,0) = 2E (21|v) = 22E (21) =0

but z,29 is not 0 with probability 1.

Remark 5 Note that the proof of this lemma is somewhat similar to the proof of proposition
1, above. In fact, one can view the key conditions for the n*/* rate of convergence (i.e. (A)
above) and the \/n-rate for 3 (i.e. (17) below) as local versions of the original identification

condition.
(A) now follows from lemma 1 since
lor = o

E{W(K_KO)FJFE{W(/@—%)F

e ({LEEE D - )
+E.,, { (E {g/ (R0 (21,220 0)) (0 ) — g (21, 20, 0)) |22, U})2}

v

g (ko (21, 22,v))
> 0if k # Ko

where the last inequality is a direct consequence of the lemma.
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One can verify (B) above term by term using steps analogous to AC, example 2.2. 1
go through the argument for mq (a(, 1, x2); the other terms are similar but simpler. By a

first-order Taylor expansion,

myo (Oé, €, .132)

- E{Rfﬂiﬁ—ﬂmﬂmS:l}

K (21, 29,0))

= MI — _g’(/%(w))gb(w,B) Rw)—Kolw))|T1,T —
- E{ g (R (w)) SR 9 (i (w) (# (w) = ko (w)) |1, 2,5_1}

for some intermediate values 5 and k. Therefore,

where

Vo (u.8) g (R (u) o (w,B)
g (F (u)) 9> (% (u)

and w (u) satisfies (8 — B,) W (u) = & (u) — Ko (u). Also,

E { (dmo (O‘;C’f“ 72) (o a0)>, <dm° W;j“ 72) (o ao)) S = 1}
= (6= By) E (Du (a0, 1,22)" Dy (0, 21, 72) [S = 1) (5 = Bo) -

Dw (aaxlw/]:?) - Ew {

Using a first-order Taylor series expansion of D,, (&, z1, x3) around D,, (g, 1, x2) and using
a set of uniform boundedness assumptions on the relevant first derivatives in that expansion,

it will follow that
E [mo (oz,xl,xg)z |S = 1]

= (8=00)E (Dy (0, 21,22) Dy (@, 1, 22) |S = 1) (8 — By)

= (6 - BOYE (Dw ((10,.%1,3’}2)/ Dw (0(0,.1’1, 1‘2) |S = 1) (6 - BO) +o (HOé - OéOHi)

= {1st term of |ja — aol’} + o (Jla — ao|?) .
Using similar arguments for m, (.) and mq (.), it follows that one can approximate @ («)
locally around g by [Jor — avg||* which is the essential step in deriving the rate of convergence
and the asymptotic normality below.

The formal assumptions and statement for the rate of convergence are in the appendix.

These assumptions guarantee that hypotheses of theorem 3.1 of AC hold here. Invoking that

theorem, it follows that

& — al| = 0, (n71/*) .
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3.3 Asymptotic normality

Asymptotic normality of the estimate of § follows from the fact that it can be written
as an appropriately defined inner product between the full parameter o and the so-called
Riesz representor. This inner product essentially turns the estimate of S into an average of
nonparametric estimates, asymptotically speaking, whence the normality follows. Clearly,
the influence function for the estimate of S will involve this Riesz representor. Section 4 of
AC outlines this approach which is due to Shen (1997).

In this subsection, I (i) show that the key smoothness condition for the Riesz repre-
sentation (see (17) below) holds for the current problem, (ii) derive the form of the Riesz
representor as a projection and (iii) derive the influence functions for the estimate of 3. The
additional regularity conditions, formal statements and proofs appear in the appendix.

Let V = R% x W denote the closure (w.r.t. ||.||) of the linear span of the space A— {cg}
where A =0 x K and W =K —{ro}. Then (V,||.||) is a Hilbert space with the inner product
corresponding to the norm ||.||, defined above. For each component 3, j = 1,2,...dg, let

w? € W minimize (over w; € W)

- {E (%W ) g o)y 1) } 5o

g (Ko (u)) g° (Ko (u))

gl ) |})} . (16)

Then, for f (o) = N3, a sufficient smoothness condition for y/n-normality of X’ (B — 50> is
that

2
sup |f(Oé) f(O;O)| _ )\,A*il)\ < 00 (17)
0#a—aoeV [l — apl|
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where

- B (T - ““’%é“ff“”w* (W) 1,22, = 1)

F (xE(Zfésszf— ALl (1) a1, 2, S = 1)
(o { St @i} p{ S8R o} }

e { (24 Sty Ol ) E{ e 0o

where Vo (u, f) = (%¢ (u, 5)>j:12 ; and w* (u) = (w}k (u))j:1727,,_dﬁ’

gooe

S =1

/
e (2

Now, I shall show (17). In what follows, I will suppress the arguments of the functions to
avoid notational clutter, and use a subscript 0 to indicate that the functions are evaluated

at the true values of the parameters. First note that by Cauchy-Schwartz,

£ (@) = f (o)l = [N (B=By)[* < NAIIB = Boll*
Next,

18 — B>

lae = o
18 = Boll”
/ 2
Eth{(E{wwo (8 = o) — 982 (5 — ko) |1,02, S = 1}) |S:1}

2 , 2
+E. » {E {5401 (k — Ko) |z1,v}} +E.,. {E {%Oz (k — ko) |Z2,U}}

Note that the last two terms in the denominator do not depend on 3 and are strictly positive

for k # ko (from Lemma 1). Therefore a sufficient condition for smoothness is that

2
o = s 16 = Bol 2
B#V@WQ{E{“f%tvx% —1} (8- B&}I5=4
2
. 16 = Bl

R e LRI ()

(Pr(S:l\x17avz))2

— Pr (S _ 1) sup Hﬁ - 60”2 13
E{V36(Bo)lz1.22 yE{V36(Bo)lx1,22 }'
o750 (5 - 60)/ El“l,mz { { . : P:r(s?:}l\x{l,ai) — 2} } (6 - 60)
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Using the well-known result that inf, 24z _gmallest eigenvalue of A, and the fact that

!
'z

Pr (S = 1|z1,29) > 0, a.e. (x1,x2), it is sufficient for smoothness that

E{V5s¢ (Bo) lx1, 22} E{V 3¢ (By) |1, 22}

is full rank a.e. (z1,zs)."

The Riesz representor for this problem (see e.g. Shen (1997)) is given by
v = (AN —wt x AT

and satisfies
N (B =8y = (v, a—ag).

Following the steps in Shen (1997) and AC (proof of corollary C.3 in Appendix C and theorem
4.1), one gets

Vi (B - 8)
*—1 1 - 1 - 1 = 1 -
= vnA —ZSOH——281i+—282u+—252% + 0, (1)
M3 N3 N2 3 N3
1 1 ni 1 n v n2 1 n
= A — i +— i+ —= it — i
( PS5 = 1) nl;so+ﬁiz_l:81 +\/n_2;é’21 +\/7—L;322>

+0p (1)

13The 3rd line follows from the 2nd since for any vector of functions [ (z) where z = (1, z2), the fact that

fxlS=1)= Pr(gr:(}g—w implies that

S ST G (@) ()’
Ex{(Pr(S:Hx)) Ha) (=) S_l}_Pr(Szl)Ew{Pr(Szlx)}

For both the linear and logit model, a necessary and sufficient condition for this is that

(X2 — X1) (X2 — Xl)/ is full rank, which is the standard identification condition.
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where

o Vo (u,By) g (Ko (U)W(U’ﬁo)w* DS = 1 20 2o ¢ (Y1is Y2i, iy T2, Bo)
E(gw(u)) Pl " (WIF= Lo ) X g (ko (o 20 0)

s ‘E{Mw @) (e )
o = [ L) }

- g0 @) S
MZ‘E{M@M><>““} g (o (210, 22, )

v = lim ﬁ, Pr(S=1)= lim Mﬂ.
nz,n—o0 \| Ny n2,n—00 n

While the expressions for sg;, s1; are exactly analogous to the RHS in AC’s corollary C.3 (iii),

* *

(18)

the forms of s91; and sq9; are worked out in the appendix. Thus, the asymptotic variance of

B is A*"1WA*! where V is the asymptotic variance of

1 n ~y n2 1 n
1 \/_ZSOz n;$1i+\/_n_2i22;82i+%;822i'

Comparing to AC’s notation (see their equation 16), their ¥ (X) corresponds to the identity
matrix here, their £ (Dy» (X)' Dy (X)) corresponds to A* here and their E (D, (X)' o (X) Dy (X))

corresponds to V here.

The additional regularity conditions for the asymptotic normality result are outlined in
the appendix, together with a proof of the fact that under these conditions, the assumptions

4.1-4.6 in AC hold. Theorem 4.1 of AC then implies that for Q = A*" 1V A*~L,

Vi (B=50) = N (0,9).

3.4 Estimation of covariance matrix

First consider estimation of A*. Define
Hoj (215, 225, w5) = Z o) ) ’
=1 | xpp (21k, won) (ByPo) " pE" (214, 1)
DR e G A GICTS) b -
Hl] (le,Uz,U}J> - Z 2 [~ W (uk> Y21 (Zlkavk) (P Pl) (leavz)
2\ "9 (e (ur)
(ur,
k

ni P*/P* -1
( ij (We)) Pa™ (zok, vg)' ( 22 ) p5 (25, 07) -
1

= g (~ (ux)) ny

1
HQj(Z;i,’U;(,U}j> - E
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Estimate w} by w} which solves

1 ni 1 n 1 no
min H (w]) Ny Z {Hoj ('Tli, L2i, UJ])}2—|—E Z {Hlj (Zlia Vi, w])}2+n_2 Z {HQj (Z;za U;‘ka wj)}2 .

wj eKn 3 . .
i=1 =1 =1
(19)

Then A* can be estimated by

1 &
n_ZHO (CCli;J?zz, ) Hy (5131@,35% ZHl 2145 Vg, W Hl (leavlvw )
14

H oY H. *
+n22 2 (25,07, 0%) Hy (25,07, 0%)

where fOI‘ j = ]_, 2, d/g, H() (xli,xgi,w ) {H()] (Ih,l’gz, )} etc.
Now, consider the estimation of V. Recall the terms that go into the definition of V. I
shall outline the estimation for three of the terms in (18). The rest are analogous. Consider

the last two terms and let {('{+(u))))w* (u) |22, v} = (G (22,v). The variance of this sum is

Var {E {%UJ* (u) |Z2Z”vi} x (g (Ko (ijz% w) 1) }
_ B {G(zg,v) G (23,0 (WO (fo,z?z.,%)) - 1)2}

. {G(w,v)G(@’”)'E ((mo ) 1>'>}
(

B , 1 — g (ko (211, 224, v;))
= E,ZQ,'U {G(Z27U>G<ZQ7U) E g(K‘/O (le,ZQZ’UZ)) |227U
Ezz,v {G(227U)G(Z27U)/M<Z2’U)}

which is consistently estimated by

EZG 23j: U Z2J’UJ),M(z;j’v;)

G (2237 ]) - H2 (Z2J’U )
, , S , P*/P* - . .
M (2237 ]) _ E Z ( g(( (Zm 22k Uk)) k) pg” (Z%’,Uk) ( 2 2> pg” (22j7vj)

=1 (Z1k, 22k Uk)) No

The variance of the first term (which has to be conditioned on S = 1) is estimated by

¢52 (yli,?/%,ﬂ?li,frzz‘,ﬁ)

1 &
_ H, . . any* H’ . . an*
n Z 0 (xlu Lo, W ) 0 <x17,7x217 w ) 92 (/% (le‘7 294, Ui))
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Finally, the covariance between the first and the third term, by a similar condition argument,

is given by
I K& Ho ) Hy (23,0, 67) ¢(y1z’,?/2z‘,$1z’7$2i,5>
ZZ 0 (14 T2g, W Zy:, Vs, W —
NiNs g [3) I3 2 259 Ygo 92 (Ii (Zli,ZQi,Ui))

2 2
Consistency of this estimate follows from an envelope condition on ( $(u:.) ) , ( 8o _ 1)
g(k(uq)) g(r(us))

over the parameter space and Holder continuity of the derivatives (%gb (ui, B) — W
J K3

and (%) in neighborhoods of o, which can be achieved by bounding the second deriv-

atives uniformly over the neighborhoods. (The proof is analogous to theorem 5.1 in AC).

Please see the next subsection for discussion of implementation of these methods.

3.5 Notes on Implementation

Expressions like 1y, my and mo which enter the objective function to be minimized for
obtaining the main estimates and terms that enter the asymptotic variance formula may
look somewhat complicated at first sight. But the actual implementation of these formulae

are quite straightforward. Note that all these terms involve expressions like

fi=> _k [plf" (218, k)’ (prl)_l] i (21, vi)

k=1
for different f;’s . These expressions can be calculated by an OLS regression of f;’s on the
"regressors" pi" (215, ;) and calculating the predicted values at the regressor pt™ (z1;,v;).
For example, if 213, v, are scalars and K,, = 2, one would regress f on 21, v, 22, v%, zv and
calculate the predicted values at the ith data point to get f;.

Implementation of the estimator, i.e. minimization of (13) and the estimation of its as-
ymptotic variance (which involves the minimization step (19)) are computationally nontrivial
but not prohibitively difficult. Both minimands are smooth functions of their arguments and
so can be optimized using standard routines, e.g. those included in "Numerical Recipes" such
as conjugate gradient methods. In the simulation below, Nelder-Mead’s downward simplex
method (which is usually applied to nonsmooth problems) has worked the best.

The choice of how many terms to include in the power series is somewhat arbitrary
(just as in bandwidth choice in kernel based estimation) since the asymptotic requirements

specify only the order (such as n'/3). Larger number of terms increases the computational
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burden nontrivially. A rule of thumb that I have followed is to start with terms up to second
degree and stop when either computation takes way too long and/or results hardly change
by increasing the order. In the simulations, I could calculate the RMSE and based my choice
of the order based on minimizing the RMSE within the limits of computational feasibility.

As can be seen there, orders up to the computationally feasible range produce good answers.

4 Extensions

In this section, I consider 2 extensions to the problem, (i) inference on the attrition function
alone without estimation of 5 and (ii) v the time-invariant regressors enter the original

moment function ¢ (.).

4.1 Attrition Function

Notice that in the analysis above, 3 and k were estimated jointly. But estimating the
attrition function s separately is an interesting and useful problem in itself because it helps
one estimate any panel data model subsequently by inverse probability weighting. This can
be done without altering the above analysis too much. Notice that proposition 1 already
discusses identification of k. x can be estimated by minimizing (over a sieve space for ) the

sample analog of

Foe {E{gm(zf ) 1'}} B {E {gw e 1'}}

Consistency and the rate of convergence of this estimate can be obtained by dropping the my

terms from @ (.) and dropping /5 from « and retaining the m; and my terms in the analysis

of section 3.1 and 3.2. One would get the rate

|7 — o |*
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4.2 Time-Invariant Regressors

The methods developed above extend to situations where time-invariant regressors v are
included in the original moment function ¢ (.) e.g. in random effect models where 5 will
include the coefficients of such variables. Notice that the attrition function includes v as
an argument and so no substantive adjustments are necessary in the reweighted moment

condition

. (S¢ (21,1, Y2, 22,0, )
g (K, (Zla 22, U))

which can be used in conjunction with (7) and (8) to estimate x and the corresponding [3.

|x1,x2) =0 for all xy, 29,

5 Simulation Experiment with CPS Data

5.1 Panel structure of the CPS

The Current Population Survey sample-rotation scheme works as follows (for further details,
please see the CPS website at http://www.census.gov/prod/2002pubs/tp63rv.pdf). A hous-
ing unit is interviewed for 4 consecutive months, is not in the sample for the next 8 months,
is interviewed again the next four months and then retired from the sample. In addition, the
outgoing units (ORG’s) are replaced by housing units drawn from the same geographical area
and this fresh sample is called the "incoming rotation group" (IRG). In any CPS sample,
the rotation group status of the household is denoted by the variable "month-in-sample" or
MIS. Thus every household has an MIS number from 1 through 8.

For the purpose of this paper, I concentrate on the earners file (which has data only on
the outgoing rotation groups, i.e. MIS=4 and MIS=8) from the CPS for 1999 and 2000. This
file has information on union status which I use in the analysis. The panel is constructed by
matching the individuals in 1999 with MIS=4 with those in 2000 with MIS=8, using both
the household and individual ID’s as well as sex and race (see Madrian and Lefgren (2000),
for an account of the imperfect matching based only on ID’s). The ideal refreshment sample
is the incoming rotations group, i.e. set of households with MIS=1, in the month following
the month for which the outgoing rotations group (ORG) had MIS=8. However, since union
status is only reported for individuals with MIS=4 or 8, one can use as the refreshment

sample the individuals with MIS=4 in 2000. This assumes that there is no attrition from
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MIS=1 till MIS=4 for this incoming group. Sample attrition between 1999 and 2000 is about
25%.

5.2 Simulation

The simulation experiment is run for those units of the 1999-2000 panel for whom there is
no attrition in the true data. I treat this sample as the "population". The main equation of

interest is a wage equation
log(wage)y = o + By * uniony + By * agey + Bs * ages, + .

The simulation is conducted as follows.

1. I estimate the parameters 3 for the above equation from the "population".

2. For this population, I use these estimates to generate "artificial" wage data for both
periods after including a fixed effect « which equals log of age (normalized by its mean) in the
first period plus a standard normal random variable (. This makes o mean 0 but correlated
with the covariate. Also generated are standard normal error terms &1, €9, independent of
covariates; the joint distribution of the covariates in the simulation is left identical to that

in the "population". This forces the moment condition

E [Agy|wi, wip] = 0, (20)
with
Agy = € —€it
Wiy = (uniOHit, age;y, age?t) .

on the data-generating process.
3. I draw a sample from this "population" and artificially introduce attrition according
to a known attrition function plus a random noise. Survival (=1-Attrition) from the sample

is modelled as
S; = 1 (h (Iwage;5) — h (Iwage;;) + ¢ x lwage;; x lwage;, — u; > 0) (21)

where lwage is the natural log of weekly wage in dollars, u; is generated from a standard

normal distribution and
h(u)=1In(1+|u—3|) xsgn(u—3).
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The function h (.) is deliberately chosen to be identical to the one in Newey and Powell
(2003) and is smooth enough to satisfy the requirements of the consistency and asymptotic
normality proofs. The constant ¢ is used to model deviations from the quasi-separability
assumption (2). I report simulation results for 3 values of ¢- 0 (no mis-specification), 0.5
(moderate mis-specification) and ¢ = 1 (significant mis-specification).

4. I draw a random sample from the second period observations and take this as my
refreshment sample. I then estimate the attrition function and the 3’s based on the artificial
y and the true x’s. Each replication corresponds to one draw of a primary and refreshment
sample from the "population". In order to get an estimate of the rate of convergence, I
perform this analysis for three different sample sizes drawn from the original CPS sample
and compare the mean-squared error (RMSE) and the mean absolute deviation (MAD) as
the average squared and absolute differences respectively between my estimates from the

replications to the "true" values.

5.3 Implementation and Results

I create the population by keeping only men between the ages of 15 and 65 who report
non-zero wages and for whom there is no attrition in the CPS data. This "population"
consists of 20500 individuals, each observed in both 1999 and 2000. I randomly selected half
of those to make the samples not too large in comparison to the sizes of other samples that
are commonly used. The summary statistics of the relevant variables for these individuals
are given in Table 1. Each replication consists of the following steps.

1. Take a 50% random sample of the population as the primary sample.

2. An independent 50% random sample of these households is taken as the refreshment
sample and the values of their variables corresponding to year 2000 are retained.

3. Introduce attrition according to (21) on the primary sample observations and retain
the individuals for whom S = 1. The remaining observations of the primary sample are
discarded.

4. Estimate (1) using the sample with only the survivors and again after correcting for
attrition.

5. Steps 1-4 are repeated for 12.5% and 5% samples to check how fast the performance
falls with decreasing sample size.

Approximating functions (for Pr (S = 1|21, z2,v)) are of the form @ (k; (21) + k2 (22))
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where

k
k(1) = ki(z) = Z5ljlwage{
=0

k
ky(20) = ko(z) = Z5gjlwage‘;
=1

Thus we have K, + 3 = 2k + 4 parameters (K3, = 2k + 1 §’s and 3 §’s) to solve. The

/7 should work for the present

asymptotic theory above suggests that a choice of &k = n
problem in that it satisfies the conditions S3-S6 of the consistency and asymptotic normality
propositions in the appendix. The precise choice of k was guided by both computational
ease and size of RMSE. For the 50% sample, k¥ = 1,2,3 and k& = 5 led to larger MSE
compared to k = 4 but for £ = 6, the computation was significantly more time-consuming
and prohibitively so if one has to repeat this many times as in a simulation.

Thus, for n = 5125 (=50% of 10250) we get a value of k = (5125)"7 ~ 3. Thus, I have
a total of 10 parameters (3 3’s and 7 §’s) to solve. I use the first four powers of log-wage
to get a total of 12 unconditional moments (see appendix for the exact moments). For the
12.5% sample (n=1280) and the 5% sample (n=256), we get £k = 2 and thus a total of 8
parameters. For these cases, I use only the first 3 powers of lwage.

The compactness restrictions are imposed by bounding the coefficients 3, . The results
shown in the tables correspond to uniform bounds of -4 and 4 on all coefficients. Choice of
different bounds had very little impact upon the estimates of the 3’s but produced somewhat
different estimates of the ¢’s, which is to be expected.

Optimization was done via the Nelder-Mead algorithm using the IMSL routine "UMPOL"
in Fortran 77 on a Dell (2.4 GHz) machine. The initial values were drawn from a uniform
distribution on (-0.5,0.5), the initial simplex was taken to have each side equal to 1. Each
replication took about 2 minutes in real time for the 50% sample and about 40 seconds for
the 12.5% sample.

Tables 2-5 show the results of the simulation for 100 replications. Table 2 reports the
estimates for S from the "population". Table 3, 4 and 5 correspond to ¢=0, ¢=0.5 and
c=1.0, respectively. Recall that when c¢=0, the quasi-separability assumption holds exactly
and larger values of ¢ imply moving away from that assumption. Therefore, one expects my
coefficient estimates to deteriorate as c¢ increases and also as the sample size falls. Within

each of these tables I report the estimates that are corrected for attrition using the artificial
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refreshment data, viz. a random sample of year 2000 observations from the original rotations
group, as well as the uncorrected estimates for each of three different sample sizes. I report
coefficient estimates for the 5’s averaged over the replications, their mean absolute deviation
and root mean-squared error. One would expect that the root mean squared error for the
[’s to increase roughly 2 times as one goes from a sample of size 5125 to 1280 if the root-n
rate is correct. This is roughly validated by the RMSE values in table 3A and 3B.

Under no mis-specification, i.e. when ¢=0, the corrected estimates perform much better
than the uncorrected ones and this improvement becomes more pronounced as the sample size
grows. This can be seen by comparing the RMSE’s across panels C, B and A in table 3. Under
moderate mis-specification (table 4), this feature continues to hold although the RMSE’s for
the "corrected" estimates are, as expected, larger than those in table 3. Comparing RMSE
numbers in table 4 to those in table 5 (largest mis-specification with ¢=1.0), one can see
that the (mean) point estimates corrected for attrition are much closer to the truth but the
RMSE seems to be of similar order of magnitude to the moderately mis-specified case. In
panel C of table 5 (the worst case- i.e. largest mis-specification and smallest sample size),
the uncorrected coefficient for union membership appears to have a smaller RMSE than the

corrected one.

6 Conclusion

This paper analyzes a two-period panel data-model with attrition. Sample attrition is al-
lowed to depend on second period values which are unobserved for the attritors. The set-up
is the one considered in HIRR, viz. that a refreshment sample from the second period is
available and the attrition function is quasi separable into period one and period two vari-
ables. The main insight of the present paper is that the restrictions implied by the model
are equivalent to a set of conditional moment conditions involving the unknown finite di-
mensional parameter of interest as well as the infinite-dimensional function. Under weaker
assumptions than HIRR, the paper provides a simple and elegant proof of identification
of the model parameters using the primary and refreshment datasets. The proof, unlike
HIRR, does not require any complicated result from the theory of functional optimization
and instead makes clever use of the peculiar forms of the conditional moment conditions

derived above. Further, the moment interpretation leads to a sieve-based estimate of the
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model parameters. Adapting the framework of Ai and Chen (2003) to accommodate dif-
ferent conditioning sets in the different moment conditions, the paper provides a theory of
consistency and asymptotic normality of the finite dimensional parameter estimates. The
key smoothness condition required by AC for the root-n rate is established here through what
may be viewed as a local analog of the moment-based identification proof. These methods
are applicable to both linear and nonlinear panel data models and analogous methods are
applicable to situations of nonrandomly missing data in a single cross-section.

The paper provides brief practical guidelines for implementation of these methods on real
datasets and an empirical simulation exercise using CPS data shows that the estimates work
well in finite samples.

Future research would aim to investigate efficiency by using appropriate weighting matri-
ces at the estimation stage. What is indeed the efficiency bound and whether it is possible
to attain this variance by either using the continuously updated estimator or by a two-step

procedure need to be addressed.
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Table 1: “Population” Characteristics

1999, N=20500

Variable Mean SD Min Max
Lnwage 10.94 0.770 4.66 12.57
Union 0.172 0.355 0 1
Age 38.84 11.87 15 65
Agesq 1650.04 934.56 225 4225

2000, N=20500

Variable Mean SD Min Max
Lnwage 11.00 0.782 1.09 12.57
Union 0.170 0.375 0 1
Age 39.72 11.79 16 65
Agesq 1716.76 946.84 256 4225

Table 2: “Population” Regression Coefficients

Union 0.0857
Age 0.1499
Agesq -0.00162




Table 3: ¢=0.0

A. Size of Primary Sample=5125, Size of Auxiliary Sample=5125

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.083 0.0134 0.0109
Age 0.1447 0.0063 0.0052
Agesq -0.0015 0.000079 0.000067

Coefficients not corrected for attrition

Union 0.050 0.0247 0.0228
Age 0.1184 0.0297 0.0293
Agesq -0.0012 0.00024 0.00023

B. Size of Primary Sample=1280; Size of Auxiliary Sample=1280

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.0776 0.0288 0.0263
Age 0.1467 0.0108 0.0098
Agesq -0.0016 0.00015 0.00013

Coefficients not corrected for attrition

Union 0.567 0.0759 0.0695
Age 0.1219 0.0246 0.0232
Agesq -0.0013 0.0002 0.0002

C. Size of Primary Sample=256; Size of Auxiliary Sample=256

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.0885 0.0642 0.0512
Age 0.1488 0.0144 0.0115
Agesq -0.0016 0.00018 0.00014

Coefficients not corrected for attrition

Union 0.066 0.076 0.069
Age 0.1246 0.263 0.023
Agesq -0.0013 0.00032 0.00028




Table 4: ¢c=0.5

A. Size of Primary Sample=5125, Size of Auxiliary Sample=5125

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.078 0.0201 0.0168
Age 0.1455 0.0129 0.0118
Agesq -0.00156 0.00016 0.00014

Coefficients not corrected for attrition

Union 0.050 0.0165 0.0135
Age 0.1189 0.0386 0.0383
Agesq -0.00128 0.0004 0.0004

B. Size of Primary Sample=1280, Size of Auxiliary Sample=1280

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.0871 0.0416 0.0339
Age 0.1462 0.0218 0.0096
Agesq -0.00157 0.00028 0.000119

Coefficients not corrected for attrition

Union 0.0651 0.0255 0.0213
Age 0.1224 0.0319 0.0308
Agesq -0.001323 0.00035 0.00033

C. Size of Primary Sample=256; Size of Auxiliary Sample=256

Coeff RMSE MAD
Coefficients corrected for attrition
Union 0.0883 0.0577 0.0551
Age 0.1488 0.0318 0.0106
Agesq -0.0016 0.00035 0.00012
Coefficients not corrected for attrition
Union 0.0649 0.0568 0.0530
Age 0.1251 0.0360 0.0281

Agesq -0.0013 0.00039 0.00031




Table 5: ¢c=1.0

A. Size of Primary Sample=5125, Size of Auxiliary Sample=5125

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.076 0.0223 0.0171
Age 0.1441 0.0124 0.0065
Agesq -0.0015 0.00015 0.00008

Coefficients not corrected for attrition

Union 0.0584 0.0393 0.0372
Age 0.1181 0.0321 0.0317
Agesq -0.0013 0.00036 0.00035

B. Size of Primary Sample=1280, Size of Auxiliary Sample=1280

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.0844 0.0412 0.0352
Age 0.1489 0.0218 0.0092
Agesq -0.0016 0.00028 0.00012

Coefficients not corrected for attrition

Union 0.0643 0.0443 0.0375
Age 0.1244 0.0194 0.0175
Agesq -0.0013 0.00019 0.00016

C. Size of Primary Sample=256; Size of Auxiliary Sample=256

Coeff RMSE MAD

Coefficients corrected for attrition

Union 0.074 0.0597 0.0395
Age 0.1458 0.0338 0.0105
Agesq -0.00157 0.00037 0.00013

Coefficients not corrected for attrition

Union 0.0558 0.0526 0.0344
Age 0.1213 0.0328 0.0203
Agesq -0.0013 0.000316 0.000187
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7 Appendix

7.1 Identification

Proof of Proposition 1

Proof. Let the subscript 0 denote true parameters- e.g. koo (.) is the true function while
ko (.) is a generic candidate function, ko = koo (.)+k10 (-, .)+kao (-,.) and k = ko (.)+ k1 (-, .)+
ks (.,.). Below, I suppress the arguments of & (.) and kg (.) but note that both xq (.) and & (.)

are functions of (z1, z2,v). Notice further that E {S|z1, 22,0} = ¢ (ko) and so

E {WS@ _ 1|zl,v} _E (E {Wi) _ 1|zl,22,v} ]zl,v)

1
- E(—E 1
(g(ﬁ?) {S‘Z17z27v} |217U>

- E{gm) - 1|z1,v}.

Therefore, (10) is equivalent to
E {M|zl,v} = 0 for all z;,v
g (r)

—g<RO)_g</€)Z v = or all 29,0
E{ e } 0 for all 2, v. (22)

This implies, by the law of iterated expectations, that for wg (v) = koo (v) — ko (v) and
w; (25, 0) = koj (2, v) = kj (2, 0), 7 = 1,2,

P{H S e

= 1 {0 (i 0) 1 1) 4 0 ()} o

_ E{E (W fuo () + w1 (21,0)} |zl,v> |v}
+E {E (Ww (29, 0) |22,v> |v}

-t oy (10 )
ot (25900 )

where the last equality follows from (22). Since g is strictly increasing, {g (ko) — g (k)} X

{ko — Kk} is strictly positive w.p.1 if K # k¢. This is because if ko > &, then g (ko) — g (k) >
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0 and if K > kg, then g (ko) — g (k) < 0. In either case, g (ko) — g(x) has the same

sign as {ko — k}. Next, ¢g(.) is a c.d.f. and therefore nonnegative; so the random variable

% {ko — K} is non-negative with probability 1. Then for the condition

E{M{HO—K} |u}

g9 (k)
_ E{g(ﬁo) —g(K)

= o) {wo (v) + w1 (21,v) + wy (ZQ,U)}lU} =0

to hold we must have that for each fixed v,
wo (v) + wy (21,v) + wa (22,v) =0

for all z1, 29 € 21 (v) XxZ5 (v). By (i), we must have that (w.p.1) for each v, wy (21,v) does
not depend on z; and wy (22, v) does not depend on z5. Then by (iv), we have that for each v,
wy (21,v) = wy (71 (v),v) =0 for all z; and ws (22,v) = we (22 (v),v) = 0 for all 25, implying

the conclusion. m

7.2 Consistency

Assumptions
Pl K={ko(.),k1(.,.),k2(.,.)}, satisfying (14).
P2 The parameter space for 3 is © = {ﬁ € R¥ . pB< Bg}.
P3 Pr (S = 1|z1,29) > 0, a.e. x1, 22

C All variables z, v,y in all periods have compact support with density bounded away
from zero uniformly on it. The matrices P} P; for j = 0,1,2 have eigen values bounded

away from zero with probability 1.

ID The true value kg = (koo (.) , k10 (-, ) , k20 (-,.)) and 3, uniquely minimize (11) (Propo-

sition 1 outlines sufficient conditions).

LIP ¢ (u, () is Lipschitz in S with a square integrable envelope

‘¢(U,ﬁ) —Qﬁ(U,B)‘ < M (u) ”B—BH , E(M? (u)|S =1,21,25) < 00.
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g'(x(w)
9% (r(u)

M1 sup, sup,.cx < M.

M2 E{¢” (u,8)|S =1} < oo, sup,ex E <%|S = l,xl,x2> < 00.

92 (r(u
S1 For each n, the space K,, C K is compact under the norm ||.,.

S2 For any « € K, there exists & € K,, such that || — &/, Lo.

S3 K, > Ky, +dg, Ky, — 00 and K,,/n — 0.

Proposition 2 Under the assumptions P1,P2,P3,LIP,ID,M1,M2 the above construction of
the sieve space satisfying S1,52,83,

16 = aoll; = 0, (1)

Proof. It is sufficient to check that all conditions in AC, Lemma 3.1 are satisfied. First
note that it is possible that there exist 8 # 3, and k # ko such that

E{s¢<y1,y2,x1,xz,5)
g (K (21, 22,0))

]901,:52} =0 for all x4, xs.

But E {m (a) m(a)} will be a strictly positive number if 3 # 8, and k # ko and equal 0

for f = 8, and k = kg since the conditions

E{ S —1|21,’U} = 0 for all z;,v
g (’i (Zh 22, U))
S

E — 1]z, vp = 0 for all z9,v.
{g(/{ (21,2,’2,1))) | ? } ?

will hold if and only if k = kg, by identification.

Next I show Holder continuity, analogous to condition 3.6 (ii) of AC. To see this, note

that by definition of the parameter space, the functions « (.) are bounded away from —oo,

whence g;(()) can be assumed to be strictly bounded on the parameter space. For example, if

g(u) = %, then
g (k)
9? (k)

So, the mapping k — m is Frechet differentiable w.r.t. the sup norm on x (.) and so by

= |—e’”| << 00.

the mean-value theorem for functionals (e.g. Kesavan, Theorem A3.3),

‘gml(u)) " mu))' = (S‘ip P
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By assumption, m (u, ) is Lipschitz in 8. Letting o = (k, 3) and & = (Fi, B), we have that

T Al and

o awm| =
— < sup sup
g(

g u keEK
sop S0 (wB)| S0 _ s, |30 _o(w5)
g t) g | s g gEw)
< o) (swpsup | LR ) o=, + s 5 5]

IN

wx{ 10 (0. )] (supsuy

u  keK

) 5t e -l

whence 3.6 (ii) of AC follow via assumptions M1 and M2. The other conditions are standard

and follow from well-known properties of standard sieves. The rest of the proof is analogous

to Newey and Powell (2003). =

7.3 Rate of Convergence

Proof of Lemma 1

Proof. The proof works by showing that under the hypotheses of lemma 1, the (condi-
tional) expectation of a certain non-negative random variable becomes 0, implying that the
random variable must therefore be 0 with probability 1. Consider

2 g (Ko (21722&))'@}

g (Ko (21, 22,v))

E [(wo (v) + wy (21, v) + wa (22,v))

g (ko (21, 22,0))
g (ko (21, 22,v)) |U]
g/ (’iO (Zlv 22, U)) U:|

g (ko (21, 22,0))
e gl
+E le (22,0) E {(wo (0) +wi (21,0) + w3 (22, 0)) i/,((’fo ((;1,7,:22:2};)) o2, } ‘v}

= FE [(wo (v) +wy (21,v)) E {ﬁ (21, 22,0) |21,’U} |v} +F [wQ (22,0) F {f{(zl,zg,v) |zg,v} |v]
— 0

= FE [(wo (v) +wy (21,v)) (wo (v) + wr (21,0) + wa (22,0))

+F |:U)2 (22,v) X (wo (v) + wy (21,v) + wy (29,v))

= FE [{wo (v) + wy (21,v)} E {(wg (v) + wy (21,v) + wa (22,v))

—

by (ii). Note that the random variable {wq (v) 4+ wy (21,v) + wa (22, v)}> X g("‘)(z—lzzv)) is

g(ko(z1,22,v)

nonnegative w.p. 1 by (iii). Conclude that for each fixed v,
wo (v) +wy (21,v) + w2 (22,v) =0
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for all 2y € Z,(v), z2 € Z5(v). By (i), the above display can hold if and only if for all

21 € Z1(v), 23 € 25 (v), wy (21,v) and ws (22, v) do not depend on z; and z, respectively and
wy (21,v) + wa (22,v) = —wp (v) .

By (iv), the conclusion follows. =

Technical assumptions and statement of rate of convergence

The following assumptions specialize the technical assumptions in AC (for establishing
the rate of convergence as in theorem 3.1 of AC) to the problem of the present paper. The
notation |.||, denotes the sup norm and V, V? are short-hand for gradient and Hessian,
respectively.

Assumptions

SMO

(0) ¢(.) is twice continuously differentiable everywhere

. V2¢(u,B)
(i) SUDge@ kK, la—aol,=o(1) £ (Wm’m, S = 1) < 00, a.e. (T1,72)

(i) SUPBeO,k€Kn,|la—ao|| ,=o(1) E <’V5(Z5 (u, B) ;72((’;((?))) |1, @2, S = 1) < 00, a.e. (21,72)

"(k(w))2—g(k(u))g" (k(u
(111) Supﬂee,neKn,lla—ao\\5:0(1) E {‘Qb(u,ﬁ) 2g (s )))93(i((u§)))g (L ))) |'T175U27 S = 1} < o0, a.e.

(1’1, Ig).

g'(x(w))

9% (r(u))

(1) SUP,ek, jla—aoll,=o(1) E( |zl,v) < 00, a.e. (z1,v)

$ 2(¢' (r(u))? —g(R(u))g" (5(w))
(ll) SupstKmHa—aOHS:o(l) E {‘ FECIO)

|zl,v} < 00, a.e. (z1,v).

g (r(w))
9% (k(u))

(1) SUPkek,,laaoll,=o(1) E( |22,v) < 00, a.e. (29,0)

"(k(w))2—g(R(w))g" (k(u
() 50Dt ool oy E { [ LD A D 2, 1} < 00, . (23,0).

Note that when ¢ (.) is the logistic function, second derivatives of Tln) are basically e #0),

whence these boundedness assumptions are sensible, given the definition of the parameter
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space. Similarly, if ¢ (.) is the linear regression function, then finite second moments of the
x’s and 7's conditional on the z’s suffices.

For assumption 3.6 (iii) of AC, I require that

S| < 3 (u) with B (e (u)) < .

Holl SUPsupsco wern | 9(r(u

Since O is compact, ¢ (u,.) is continuous and K,, C K, this condition trivially holds.

Hol2 For each value of 5 € O,k € K, each of the functions myg (o, x1, x2) , m1 (v, 21,v) , m2 (@, 22, v)

lie in a Holder ball of diameter c, e.g.

|Vemg (o, 21, 22) — Vimyg (o, ), 5)|
||’]YE—[V]

sup |mg (o, x1, Z2) |+ max ma:
T1,T9 | 0 ( b 2)| al+02+-~~adimm1+diml‘2S[’Y] (‘2)171;2) || (I17 .I‘Q) - (I&, $l2)
76(:1:’1,:5’2

where v denotes the number of derivatives considered for defining the Holder ball and

v > dimz for mg, v > 3 (dim z + dimv) for m; and v > 3 (dim z 4 dimv) for ms.

This condition is basically saying that the conditional mean mq (o, 1, x2) is a smooth
and bounded function of the conditioning variables. In particular, partial derivatives up to
order at least half the dimension of the conditioning variables should be uniformly bounded
w.p. 1.

The following conditions are analogous to assumptions 3.2 (iii), 3.5(iii), 3.7(ii) in AC

S4 For v > ${d, +d.,} any function of (z,v) which is smooth up to order v, can be

approximated by power series up to degree k;,, in (21, v) respectively, with maximum
—/(dv+d- .

error of the order of O (kn o/ (dvt 1)> =0 (n’l/ 4). Analogously for functions of (zy, z2)

and (22, 0).

S5 All the functions kg (.) , k1 (.,.) and ks (., .) belonging to the parameter space are smooth
enough that they can be approximated by power series in their arguments up to order

K1, with the approximation error of the order of O (K,!") with K}/ = o (n/4).

S6 K2Ki,In(n) =o(n'/?).

Proposition 3 Under all conditions of propositions 1 and 2, SM0, SM1, SM2, Holl and
Hol2 plus conditions S4,55,56, we have

& = aoll = 0, (n™*1) .
Proof. Follow proof of AC, theorem 3.1. m
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7.4 Asymptotic Normality

The assumptions and formal proposition are as follows.
PD

(i) Conditional on S = 1 a.e. (z1,72), E{V3¢ (21, 22, Bo) |21, 22} X E{V 30 (21, 29, By) |71, 2}’
is full rank ,
(ii) V, defined above, is positive definite,

(iii) p, € int{O},
In addition, I assume that the following regularity conditions hold: for all (8, k) = « €
© x K, which satisfy | — aol|, = 0 (1) and [Ja — ag|| = 0 (n7/*),

HESS1 supg || V?¢ (u, B)|| < ¢3 (u) with E (3 (uv)) < oc.

HESS2 supg ,,

LT | < ¢ (u) with B (¢ (u)) < oo.

¢ (u, B) 2(g' (r(u))? —g(r(w)g" (r(w)

HESS3 Supg . ()

< ¢ (u) with E (2 (u)) < .

Proposition 4 Under assumptions of proposition 2 and the assumptions PD(i)-PD(iii),
HESS1, HESS?2, HESSS3, we have that

Vi (B=6) = N (0.9

where
Q=A"TVA!

Proof. After verifying the regularity conditions (see immediately below), the proof is
analogous to AC theorem 4.1. =

Regularity conditions for asymptotic normality

First, I verify that the regularity conditions imposed in the propositions imply that condi-
tions 4.1-4.6 of AC hold. For details on why these conditions are necessary, the reader should
consult the AC manuscript. I use the notation of the AC paper verbatim and specialize the
AC assumptions to the present problem. The upper ~“notation will indicate an intermediate
value as will be used while evoking the mean value theorem.

Denote the Riesz representor above as v* = (v};, v,’;) = (v;, —w* X vg), vy = [vh, —ILw* () x

v5] € © X K,, — o such that [|v; —v*|] = O (n~'/*) (see AC assumption 4.2) and write
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ded((j?t) {U:L] — ng (t, )UE_ g/ (K;é,)i)(f)()t?ﬂ)nnw* (t) XU;
le(j’t) ] = Z((:(%)))Hnw () x v}
dpy () v g (B) .

da = ey W

Then, envelope condition analogous to 4.3 (i) in AC follows from the definition of the para-

meter space. Next,

dpy (By, k1,t) [v}] — dpy (Ba; K2, 1) V7]
do " do "
< |Vo(t,B1)vs — Vo (t, Ba) v
S8 o )b
H O =y e (0

= Vo (t B,) = Vo (t, By)ll||v5l
g (ki ()9t B1) g (ka(t)@(L5s)
g (k1 (t)) g (k2 (t))

Given the bounds on the coefficients in the sieve space and the definition of the parameter

+

HHnw* () x UEH

space, condition 4.3 in AC can be satisfied by bounding the second derivatives by square
integrable envelopes over a ||.||, = o (1) neighborhood of the truth.

Next,

dmg (o, 21, 22) Vo(t,B)vg g (k1) o(t,5)
ol = E< O) 2 (5 (1)
dmy (o, z1,v)

) = E (S
(

ILw* (t) x v3|S = 1,331,:1:2)

dms (o, z2,v) .,
%20 )
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Therefore, the conditions HESS1, HESS2 and HESS3, imply that for a € A,, ||la — ap|| =

0(1) and ||a — agl|, = o (n™'/*), we have

dmo (Oé,l'l,l‘z) dmo (d7x17x2)

00, 0) py G0 (BT 02)
(VO @B L
= B (S Dty <3l = L)

(Ve 9 t))¢(t5) . e
P\l oy~ pwmy O xRS = Lo

Vo (8.8) (5 - 3)

Et
K [Law* (t)|S =1,21,22 | v3
+ (/{ (t) — R (t ( )) ¢ (t ﬁ) 2g (50 (g( )

Therefore, under assumptions SM0-SM2, we have

dmo (o, 1, 22) | o dmg (& 21, 22) |7 _ ~1/2

. <H do o] = do [vs] - (n )
dmy (o, 21,v) ., dmy (&, 21,0) ’ _ —1/2

. (H do o] = do [vn] - (n )
dmg (5(, 29, U) * de <&7 22, U) * ? — —1/2

3 (H . I A

which is assumption 4.4 of AC. Assumption 4.5 follows similarly from SMO0-SM2. Finally,
assumption 4.6 of AC follows from conditions HESS1, HESS2 and HESS3, given the definition
of the parameter space and the bounded coefficients that constitute the sieve space.

Expressions for sy; and sq;

In analogy with AC’s corollary C.3 (iii), assuming all variables are scalar for ease of

notation and letting

G (29,0) = E {%w () |zg,v} ,
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the contribution of the third term to the ultimate influence function is
1 S pk'ﬂ (z ,U ) 1 kn, *
1\ {E 2?211 szi,vi)) T e 2?221])2 (231, v; )}
* * PPy \ "k, " N
Jj=1 G {sz, v; } <_2n2 2 ) Ds (sz, vj)

1l S 1 <= (PYPy\"~ . .
= -4 IEZ l ))pg”(zm,w)n—22< - 2) ps" (25,07) G {23, 05 }

=1 g(:‘i (21[,22[,'()[ — g
1 2 1 n2 P P\~
A*—l_ ko (% 0k . 22-°2 kn aYe -
+ Na ;pz (22l7Ul) {n2 ; < o D2 (22],?]]) {2;2]"(}]}

1 — S 1 ng

= —A**l_ l G 2 ,U _i_A*fl_ é 5 7U
”lz_l:g(’f (211, 221, 01)) {22, ur} o zz—; {za1, v}
1 — S 1 ng

= CAT : G{z, v} + A=Y G{zy, v} +o0, (n Y2
n;g(’f (211, 221, 11)) {7, 01} Ny lz_l: {2, i} p( )

where the arguments implying the last line is analogous to AC proof of C.3 (iii) on page

1833.

7.5 Simulation

Unconditional moments used in simulations

Letting

u; (B) = lwages; — lwagey; — By * (union;e-union;; ) — By * (age;, — age;;) +05 * (augef2 — agefl)

and
kn
ki(z1) = k() = Z d1;lwage]
=0
kn
ka(2) = ka(2)= Z 52jlwage§,
j=1

we have the following sets of moment conditions corresponding to the original model

n i=1 (q) (];51 (215) + ko (Zm)) (unioniz-union;;) | = 0
Ly Shus (5) }
n & (q) (k1 (211) + ko (227)) (age, —agey) | =~ 0
1 n Szuz (ﬁ) ) ) N
n i=1 (CI) (k1 (215) + ko (221)) (agel, —age}) | =~ 0
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and the following moments for the attrition function corresponding to (8) (which uses both
the primary and refreshment sample) together with the analogous ones for (7) (which uses
only the primary sample)

n

1
- —1
; /ﬁ (215) + ko (221))

12
o

n

1 S;lwage!, .
_E L —— E lwagel ~ 0 for =1,.4
N o (lﬁ (z15) + kz 221 &% /

n

1 S;lwage?, 1 :
- E _ L - — E lwagel’ ~ Oforj=1,.4
ni~ e (kl (216) + ko (221)) 2 g

where lwagej, is the the log-wage of the kth individual in the refreshment sample.
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