Chemistry 81 Fall, 2002

Assignment 4 Solutions

4.1 TheVariational Theorem tals us that we should first evaluate

a a 5
f d(x) ﬁ(l)(X) dx ¢%f Ccos (%) —h— i + kx? cos (M) dx
—a

2Mmgx2 | 2 2a
_a
<E>-= =
a ) a
f d(X) p(x) dx $0 f cos? (%) dx
-a -a

where the definition of ¢(x) allows usto limit the integration rangeto —a < X < a since
¢ iszero elsewhere. Note that the normalization constant, ¢g, cancels from the
problem. That’'s why normalization constants cannot be used as variational
parameters! Let's start with the integral in the denominator:
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The integra in the numerator can be written as a sum of two integrals, one for the
kinetic energy operator and one for the potential energy operator. Thefirst of theseis
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Putting everything together gives
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4.2

Now we have to find the value for a that makes this expression aminimum. We
evaluate d<E>/da, set the result equal to zero, and solvefor a. A bit of algebragives
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and substituting this value for a into the expression for <E> gives, with a bit more
algebra and the definition of w,

Hw = 0.568 Hw.
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Since the exact answer is 0.5hw, we see that this approximate wavefunction indeed
predicts aground state energy that is greater than the exact energy, asthe Variational
Theorem saysit should.

We want to apply first-order perturbation theory to the perturbation
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where f isanywherein the range 0 to 1/2. Our unperturbed wavefunction isthe
particle-in-a-box ground-state wavefunction:
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We calculate the perturbation energy using theintegral given in problem 13.11:
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and we check the answer for the follwing values of f: for f = 0 (the potential bump
extends over the entire box), we find E&l) =V, which makes great sense—the bump
isno longer abump, but just a change in the reference energy from zero at the bottom
of the box to Vg at the bottom; for f = 1/2 (the potential bump is gone), we find Egl) =
0, again what we expect—no bump, no perturbation!— and finally for f = 1/4, the
case considered in problem 13.11, we find Egl) =Vp (/2 + /), in agrement with
the solution manual.
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4.3 ThelLandéinterva rule considers the energy difference (the “ splitting”) between two
sequential spin-orbit states, i.e., states with quantum numbersj andj + 1. Wekeep |
and s the same here and calculate, using Eq. (13.31),
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which completes the proof: the energy splitting is directly proportiona to the larger |
value, i.e,toj +1.



